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PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 8:

Continue reading Chapter 3

1. D’Alembert’s principle

2. Hamilton’s principle

3. Lagrange’s equation in
generalized coordinates
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Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

Date F&W Reading |Topic Assignment|Due
1 Mon, 8/26/2019 |Chap. 1 Introduction #1 8/30/2019
2\Wed, 8/28/2019 (Chap. 1 Scattering theory #2 9/02/2019
3 |Fri, 8/30/2019 |Chap. 1 Scattering theory #3 9/04/2019
\4 Mon, 9/02/2019 [Chap. 1 Scattering theory #4 9/06/2019
5|Wed, 9/04/2019 Chap. 2 Non-inertial coordinate systems #5 9/09/2019
6 |Fri, 9/06/2019 |Chap. 3 Calculus of Variation #6 9/11/2019
7|Mon, 9/9/2019 |Chap. 3 Calculus of Variation #7 9/13/2019
’ 8|Wed, 9/11/2019 |Chap. 3 Lagrangian Mechanics
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Jean d’Alembert 1717-1783
French mathematician and philosopher

“Deriving” Lagrangian
mechanics from Newton’s
laws.

The Lagrangian function is:

L[{{q, (t)},{(Zi’ }},t] =T-U ¢,(t) are generalized coordinates

Hamilton's principle states:

I
S= jL[{{q,(t)},{%}},t]dt is minimized for physical y(z):
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Digression -- notion of generalized coordinates

Referenced to cartesian coordinates: r(¢) = x(t)X + y(1)y + z(¢)Z

Cylindrical coordinates
¥ x=pcosg=x(p,9)
y=psing=y(p,¢)

z=z

Ly PN
¢ =arctan(y / x)

z=z

<

b}

X
Figure B.2.4 Cylindrical coordinates
(Figure taken from 8.02 handout from MIT.)
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Spherical coordinates

x=rsinfcosg = x(r,0,p)
y=rsinfsing = y(r,0,9)
z=rcos@=z(r,0,p)

r=axt+yt+ 2
2+ 2
0:arctan[)cy

z

x ¢ =arctan(y / x)
Figure B.3.1 Spherical coordinates

(Figure taken from 8.02 handout from MIT.)
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D’Alembert’s principle:

ds Generalized coordinates :
pa )

Note that: ds = dxX+dyy +dzz ox.
dx= dxl. = !
Newton's laws : o s
F-ma=0 = (F-ma)-ds =0
Fds=Y Y F iy,
< T o,
For a conservative force: F, = 72—(]
xl

ou

ox, ou
F.ds=— P Py, =3
) Zo:Z ox; oq, Z,:aq(, A
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oq,

Generalized coordinates :

@ 0. (tx) cer,

Newton's laws:
F-ma=0 = (F-ma)-ds=0

ma-ds:Zme',gi&qa
o 45
d( . ox . d Ox
=200 o om0,
- T\dt aq,, dt 0q,
ox, O, d d Ox, 0 dx, _ 0%,

Claim: L=_"1_  an P B cead A
oq, 04, dtdg, 0q, dt 0q,

i)

yox,
z2E X

oq,
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% X; :xi({qg(t)}:t)

Claim: ﬁ:%
o4, 94,
Details: %, =3 &, 4, + % Therefore: 6)'6’ -
- 0q, " o g, oq,
Claim: iﬁ:iﬁzﬁ
dioq, oq, di g,
3 o, V. O, S x, . x

4.+ 95+
> 0q,.0q,, otoq, ‘5" 0q,0q,. 0q,,0t
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Generalized coordinates :

4,(bx,})
e gy e

Define - - kinetic energy: T = Z%mx ?

ds
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Recall 404, 04,

F.ds= zzZU j;“ >

e
10

ds Generalized coordinates :
P R

I
M
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ds Generalized coordinates :
pa G 4

Define-- Lagrangian: L=T-U

L=1(lg, 14, 1)

= Minimizatbn integral: S = IL({% Lg, he)dt

=>Hamilton’s principle
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Euler — Lagrange equations: L =L({g, },{g, }1)=T-U
d oL oL _ 0

dt oq, 0q,

Example:

L=1(6,0)=1md*0> —mg(d —d cos0)

e B S 3dimd29+mgdsin8=0
t

2
a0 ~Lsing
d
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Another example:  L=L({g, },{¢, },1)=T-U

di o4, oq,
L=L(@,f.7.¢.4.7) =L 1,(asin® B+ 3 )+ L1, (ccos B + ) — Mgd cos

%%:%(Ildsinzﬂ#—Iz(dcosﬁ+;7)cosﬂ):0
o

doL dg, .\ OL

L _ Y1) ==

dt op dt( ) op

doL d . .
Ea—}}z;(@(&cosﬂ-*—y)):o
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Exam}nle — simple harmonic oscillator
=3mx’ U =1imo’x’
Assume x(0)=0 and x(Z)=0 S= j’ (T-U)adr
o
Trial functions  x,(¢) = Asin(wt) S5, =0
x,(t) = Aot (7 - ot ) S, =0.067 A’me’
x,(1) = Ade"* sin (ot ) S, =0.0624°me’
2
1.5
X
1
0.5 X
0
0 0.2 0.4 0.6 0.8 1
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Summary —

Hamilton’s principle:
Given the Lagrangian function: L = L({qd},{q'(,},t) =T-U,

The physical trajectories of the generalized coordinates {qd (t)}

Are those which minimize the action: S = jL({qd},{qa},I)dt

Euler-Lagrange equations:

Zi@i_@i q,=0 —=foreacho: |———-——
dt 0q, 0q,

o
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Note: in “proof” of Hamilton’s principle:

(iaifai}o for L=L({g,}{4,5t)=T-U

dt oq, 0q,
It was necessary to assume that :
d oU

——— does not contribute to the result.
dt 0q,,
= How can we represent velocity - dependent forces?
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Lorentz forces:

Lorentz force: F= q(E+}va)

x—component: F, = ¢(E, + L(vx B),)
In this case, it is convenient to use cartesian coordinates

L=L(x,y,z,fr,j/,z',t)zT—U

T=im(¥+j+2)

d 0L OL
x-component: | ———— |=
dt ox Ox
oU d oU
Apparently: F. =——+——
PPAERY: =T Ta e

Answer: U:qd)(r,t)—gi“A(r,t)
C
where E(r,t)=7VCI>(1r,t)flM B(r,t)=VxA(r,t)
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For particle of charge ¢ in an electric field E(r,) and magnetic field B(r,¢):
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Lorentz forces, continued:
x—component of Lorentz force: F, = q(EX +1(vx B),)
Suppose: U = qd)(r,z)—ii‘-A(r,t)
c
Consider: F, = —6—U+16—U
Ox dt Ox
04, (r,¢
v, (1), ¢ x@AX(r,t)er (r1) od(r)
Ox Ox c Ox Ox Ox
L L4 ()
ox c
doU __qdd(ri) :71[6A‘(r,t)i+ o4,(r,1) ot EA\(r,t)Z_+ EA\(r,t)]
dt ox c dt c ox ay oz ot
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Lorentz forces, continued:
04
L, o) qf . aAX(r,t)w, J,(r,z)H, o4, (r,7)
Ox Ox c Ox Ox ox
ii‘{: q 6Ax(r,t)X+ 6Ax(r,t)y+ 8Ax(r,t)z,+ 04, (r,1)
dt Ox c Ox oy Oz ot
U, dou
; Ox dt ox
_ ad)(r,z)+1 [04,(r1) 24, (r,1) L4 a4.(r.t) o4,(r.t)) g o4,(r.t)
= ox c Ox oy c ox oy c ot
ey oD(r.t) gqo4,(r.t) +1j;[ o4,(r,t) aA‘(r,t)jJrgZ_(aAz(r,t) ~ aA‘(r,t)]
Ox c ot c ox dy c ox Oz
=gk, (r,t)+ g(sz (r,t)— ZB, (r,t)): qE, (r, t)+1(v X B(r,t))‘
c c
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Lorentz forces, continued:
Summary of results (using cartesian coordinates)
L :L(x,y,z,)'c,j/,z',t) =T-U
T=im(@+7+2)  U=qo(r.)-Li A(rr)
(4
OA(r,t
where  E(r,) = _vqa(r,t)_l# B(r.()=VxA(r.)
c t

L=tm(¥+ 5 +2)=q0(r,0)+ i A(r,r)
&
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Example Lorentz force
L=1m(e + 3> +2°)-qd(r,0)+ Li- Alr,1)
Suppose E(r,t)=0, B(r,7)= Lci’oi
A(r,1) =4 By(- y&+x§)

L=1m(e+y? +z'2)+2i30(—xy+y'x)
C

doL oL_, :i(mfc—iBoyj—lBojz:O

dt 0% ox dt 2 2¢
doL AL _y L4 9]+ Lpi-o
dt 0y oy dt 2c 2¢

d oL oL d .

— == =" mz=0

dt 2 oz dt

9/11/2019
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Example Lorentz force -- continued

L=im(¥+5 +z'2)+ziBo(—xy+y'x)
C

af . 4 q 5. e 9p -
—|mi—-—LBy|-—By=0 =>mi-=By=0
dt[ 2¢ Oy) 2¢ 4 c 4

d( .. ¢q q 5, . o g o
—|my+—Byx |+—Bx=0 =>my+=Bx=0
dt[ Y 2¢ Oj 2¢ ! Y ¢’
imz'=0 =>mz=0

dt
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Example Lorentz force -- continued

L=1m(¥+5 +z'2)+2130(—xy+yx)
C

mi=+1B 7y
C

q

my=—LB %

s =0 Note that same equations are obtained

mr:gi‘xBoi
c
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from direct application of Newton's laws:
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Example Lorentz force -- continued
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L :%m(x2 +y° +z'2)—fBoxy

4 mx—ﬁBoyjzo =mi-LBy=0
dt c c

4 mi)+LBi=0 = mij+LBx=0
dt c c
imz':O =>mz=0

dt

Consider formulation with different Gauge: A(r)=-B,y%

9/11/2019
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Example Lorentz force -- continued

Evaluation of equations :

mﬁf—%BoJ'/zo x(t):VOsin(%t+¢)

mij+LBi=0 y(t):Vocos(%t+¢)
C

mi=0 z(1)=V,,

x(1)=x, —%Vocos(%t +¢)
y(t)= v+ 5V, sin(%t +¢)
z(t) =z, +V,,t
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