PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 9:
Continue reading Chapter 3 & 6

1. Summary & review

2. Lagrange’s equations with
constraints
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Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

Date F&W Reading [Topic |Assignment Due
1|Mon, 8/26/2019 |Chap. 1 Introduction #1 8/30/2019
2|Wed, 8/28/2019 Chap. 1 Scattering theory #2 9/02/2019
3|Fri, 8/30/2019 |Chap. 1 Scattering theory #3 9/04/2019
4(Mon, 9/02/2019 |Chap. 1 Scattering theory #4 9/06/2019
5|Wed, 9/04/2019 Chap. 2 Non-inertial coordinate systems #5 9/09/2019
6|Fri, 9/06/2019 |Chap. 3 (Calculus of Variation #6 9/11/2019
7 |Mon, 9/9/2019 |Chap. 3 (Calculus of Variation H#7 9/13/2019
8|Wed, 9/11/2019 |Chap. 3 Lagrangian Mechanics

|:> 9|Fri, 9/13/2019 |Chap. 3 Lagrangian Mechanics #8 9/16/2019
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PHY 711 - Assignment #38
Sep 12,2019

1. Consider a Lagrangian describing the motion of a particle of mass m and charge q given by

RV (N -
L(x.y,z,x.y,z)—zmlx +y +z J+cByx'

Here c denotes the speed of light and B represents the magnitude of a constant magnetic field
along the z-axis. Determine the Euler-Lagrange equations of motion for the particle and
discuss how the motion compares with the similar example discussed in class.
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Lorentz forces, continued:

Summary of results (using cartesian coordinates)

L :L(x,y,z,)'c,j/,z',t) =T-U

T=im(@+y7+2)  U=qo(r.)-Li A(rr)
c

1 OA(r,1)

where  E(r,1)=-V®(r,r) py

B(r,1)=VxA(r,)

L=tm(¥+ 5 +2)~q0(r,)+ i A(r,r)
c
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Example Lorentz force
L=1m(e + 3> +2°)-qd(r,0)+ Li- Alr,1)
Suppose E(r,t)=0, B(r,7)= Lci’oi
A(r,1) =4 By(- y&+x§)

L=1m(e+)? +z'2)+2i30(—xy+y'x)
C

doL oL il . q q. .
aot % o % -9, ]-9pi-0
dt 0% ox dt(mx oY j oY

2c 2c
167]7_@20 :>i my+4Bx|+LBi=0
dt 0y oy dt 2c 2¢
d oL oL .
—— = =—mz=0
dt 0z 0z dt

Example Lorentz force -- continued

L:%m()'cz+j/2+z'2)+leo(—fcy+j/x)

C

A mi-9py)|-9Lpi-0 =mi-LBi-0
dt 2¢ 2c c

d( . gq q ., . . q., .

—| my+—Bx |+—B,x=0 =>my+=-Bx=0
dt[y2coj2co yco
imz'=0 =>mz=0

dt




Example Lorentz force -- continued

L=1m(¥+5 +z'2)+2130(—xy+yx)
C

mi=+1By
C

mi=-4B i
¢
s =0 Note that same equations are obtained

from direct application of Newton's laws:

mr:gi‘xBoi
c
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Example Lorentz force -- continued

Consider formulation with different Gauge: A(r)=-B,y%

d

—| mx—=B,y |=0 =>mi—-=B,y=0
di oJ’j (4

d q . .

Z (mp)++B,x=0 =>my+=Bx=0
dt c c
imz:O =>mz=0

dt
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Example Lorentz force -- continued

Evaluation of equations :

mﬁf—%BoJ'/zo x(t):VOsin(%t+¢)

mij+LBi=0 y(t):Vocos(%t+¢)
C

mi=0 z(1)=V,,

x(1)=x, —%Vocos(%t +¢)
y(t)= v+ 5V, sin(%t +¢)
z(t) =z, +V,,t

312019 PHY 711 Fall 2019 — Lecture 9




Comments on generalized coordinates:

L=1({g,O}{d, O}1)

daL oL

drog, oq,
Here we have assumed that the generalized coordinates
q, areindependent. Now consider the possibility that
the coordinates are related through constraint equations
of the form:

Lagrangian : L= L({g, (0}{4,©)}1) Lagrange
Constraints: f, = f]({qﬁ(t)},t): 0 P

ly
Modified Euler - Lagrange equations : 4oL o + zﬂ. Y _ 0

g, oq, 57 oq,
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10
Simple example:
L(u(t),u(t)) =+ mi* + mgusin 6
Lx, ., 3) = 4mli + 3 )-mgy
f(x,y)=sinf@x+cos@y=0
Note that: u = xcosf — ysiné
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Case 1:
L(u(t),u(t)) = Lmii* + mgusin@
ia—lf—a—L:O:mii—mgsinH:O =ii=gsinf
dt ou  Ou
Case 2:
L(x,y,2,3) = 4m (& + 7)) - mgy
f(x,y)=sinf@ x+cosf@ y=0
i%—%+ﬂaf =0=mx+ Asiné
dt ox  Ox Ox
i%—%+ﬂaf =0=my+mg+ Acosé
dtoy oy oy
sin@ X +cosf j =0 .
A P Force of constraint;
= 4= —mg cos { (u— G incline
(cos@ % —sind j) = gsin
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Rational for Lagrange multipliers

Recall Hamilton's principle:

§ =}L({qo(f)}~{%(l)},t)dt

5S=0= j iai,ai q, |dt
dt g, 0q,
With constraints : fi=1 ({qn (0},1)=

Variations Jg, are no longer independent.
0)

Sf; =O=Zai5qa at each ¢
45

= Add 0 to Euler-Lagrange equations in the form:

0
PRI
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Euler-Lagrange equations with constraints:

Lagrangian : L= L({g, ()}{g, (0)}ht)
Constraints: f; = f,({g,(0},£)=0
d OL

Modified Euler - Lagrange equations: ————
ganeee dt 04, oq, Z,J%

Example:

Lagrangian: L= %m(r’z +r°0? )+ mgrcos @
Constraints: f=r—(=0

mg
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Example continued:

Lagrangian: L= )+ mgrcos @

2
L=4mfp
Constraints : f r—(=

+r
0
d . .
—mi—mré” —mgcos@+A=0
dt
d - .
—mr 0 +mgrsin@ =0
dt
F=0=F r="{

= éz—%sinﬁ

= A=ml0* +mgcosd
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Another example:

R

Lagrangian: L=1m0} + im0} +mgl +m,gl,

Constraints: f=(,+(,—(=0

T %m,?,—m,g-%—/l:O

d .
| —m,l,—m,g+A=0
a e
m Fhll!.lAlumd'lmiu.k|+;ﬂr3=0=%l+}z
Dg:M
m, +m,
ilszéz=u
m, +m,
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Consider a particle of mass m moving frictionlessly on a
parabola z=c(x2+y?) under the influence of gravity. Find
the equations of motion, particularly showing stable
circular motion.

L(x,y,x,y)= %(xz +j/2 +4cz(x)'c+ yj/)z) —mgc(x2 + yz)
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L(x,y,%,7) = %(x2 +77 +4c% (xt+ yJ’)z) - mgc(x2 + yz)
Transform to polar coordinates;
X=rcos¢g y=rsing

L(r,¢,7,¢) =

m

5 (i’z + r2;52 + 4czr2f2) - mgcr2

Euler-Lagrange equations

L d OL .
af*fQ.:O = O—imr2¢:0
06 di o d
oL d oL _ 0 = Letmr’p=¢_ (constant)
or dt oF
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L(r,p,7¢) = %(i’z +r P+ 4czr2i’2) - mger®
a_aa_
or dtor

2

mr

at height z, and £ = mz, ,27g =mry\2gc with 7, =0.
c

Consider small perturbation to the motion: » =, + or
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mr¢'2 +4mizczr—2mgcr—%<m’:(l+4027’2)) =0

3 +4mf202r—ZMgcr—%(mr‘(l +4c*?))=0

Now consider the case where initially the particle is moving in a circle

19

Some details --
622 —2mgcr + 4mitc’r — i(mi(l + 4c2r2)) =0
mr’ dt

For: r =1, + dr where (_=mz, 28 mry\[2ge with 7y =0
c

2

To linear order: :l; =~ 2mgcr, —bmgcor

—2mgcr = —-2mgcr, —2mgcdr

2 2
4mi~cr=0

7%(%? (1+ 4c’r’ )) =~ moF (1+ 4czruz)
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2

mzrs —2mgcr + Amictr — %(mf(l + 4czr2)) =0

Consider small perturbation to the motion: » = 1, + or

where initially the particle is moving in a circle

at height z, and ¢ = mz, 2 _ mryAJ2gc with 7, =0.
c

Keeping terms to linear order:
—8mgcor — m(?i"(l + 4c2r02) =0
8gc

————0r
1+4c%r]

= dr=Acos Sgi st+a
1+4c7r

¥ =
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