PHY 337/637 Analytical Mechanics

12:30-1:45 PM TR in Olin 103

Notes for Lecture 10: Scattering analysis —

9/28/2023

Chap. 11 ( Cline; especially 11.12)
Definition of differential scattering cross section

Calculation of particle trajectories for a central
potential

Relation of particle trajectories to the differential
scattering cross section

Example of Rutherford scattering
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PHysics

THURSDAY

CoLLoqQuiuM .
SEPTEMBER 28TH, 2023

Culture-Based Approaches to Physics
Instruction

Physics faculty and secondary teachers have a variety
of methods at their disposal to embrace a culturally
based approach to teaching. In this context, we want to
spotlight the endeavors of professional learning
communities composed of physics instructors. These
educators have made deliberate efforts to infuse
culture-based pedagogical elements into their
classrooms, focusing on three key areas: (1) cultivating
a strong physics teacher identity, (2) designing effective
curricula, and (3) assessing the impact of curriculum
materials on students’ comprehension of physics
concepts. The outcomes of this study reveal that these : : :

instructors exhibit notable signs of employing culturally CIausen MathlS, PhD
relevant pedagogy. They exhibit a willingness to tackle Assistant P_rofessor
sensitive subjects, consistently motivate students to L I;hysmsc Il

strive for academic excellence, and adapt their ;{?saigta:iltggfofeoss%%e
curricula to incorporate students' strengths. Despite Science Education

these positive aspects, instructors still grapple with Department of Teacher Education
certain challenges. These challenges include Michigan State University
encouraging students to adopt a critical stance towards

physics knowledge and effectively managing students'

ability to take charge of their own learning process. The

implications of the research findings are significant for i

physics instructors aiming to implement culturally 4 pm - Olin 101

relevant pedagogy in their teaching methodologies. Refreshments will be served in Olin

| ohbv heainnina at 2:20nm.
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Course schedule

In the table below, Reading refers to the chapters in the Cline textbook , PP refers to textbook section listing
practice problems to be discussed at the course tutorials, and Assign is a link to the graded homework for the
lecture. The graded homeworks are due each Tuesday following the associated lecture.

(Preliminary schedule -- subject to frequent adjustment.)

Date Reading |Topic PP |Assign
1 Tu, 8/29/2023 |Ch. 1 & 2 |Introduction, history, and motivation 2E |#1
2 Th, 8/31/2023 |Ch. 5 Introduction to Calculus of variation S5E |#2
3 Tu, 9/05/2023 |Ch. 5 More examples of the calculus of variation |SE #3
4 Th, 9/07/2023 |Ch. 6 Lagrangian mechanics 6E #4
5 Tu, 9/12/2023 |Ch. 7 & 8 |[Hamiltonian mechanics 8E [#5
6 Th, 9/14/2023 |Ch. 7 & 8 |Hamiltonian mechanics 8E
7 Tu, 9/19/2023 |Ch. 13 Dynamics of rigid bodies 13E [#6
8 Th, 9/21/2023 |Ch. 13 Dynamics of rigid bodies 13E [#7
9 Tu, 9/26/2023 |Ch. 13 & 11 |Review of rigid bodies and intro to scattering |11E #8
10 Th, 9/28/2023 |Ch. 11 Scattering theory 11E|[#9
11 Tu, 10/3/2023 |Ch. 11 Scattering theory 11E
12[Th, 10/5/2023
13[Tu, 10/10/2023
" [Th, 10/12/2023 [Fall Break
14[Tu, 10/17/2023
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PHY 337/637 — Assignment #9
Assigned: 09/28/2023  Due: 10/03/2023

1. Suppose that a particle is scattered by a very massive target particle such that energy and
angular momentum are conserved. The trajectory of the scattering particle is found to have
an impact parameter b which depends on the scattering angle # according to the formula

cos(60/2)

WO) = K | a7y

!

where K denotes a constant which depends on energy and other parameters. What is the
differential cross section for this process?
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Scattering theory: detector

Area = Joh db

Large sphere of radius R

Figare &5 The scattering problem and relation of cross section to impact parameter.
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Presenter Notes
Presentation Notes
This is the ideal configuration of a scattering experiment.


Scattering theory:

V@detector

AN
AY

b+ db . r.:;_.. _,.""h"' san £
@\ | g i §
Scattening
cenler

Argl = gdd =

Large sphere of radios &

Figure 85 The scattering problem and relation of cross section to impact parameter.

Some reasons that scattering theory is useful:

1. It allows comparison between measurement and theory

2. The analysis depends on knowledge of the scattering
particles when they are far apart

3. The scattering results depend on the interparticle
iInteractions
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Standard measure of differential cross section

Differential cross section

(d G(@)j _ Number of detected particles at € per target particle per unit time
dQ) Number of incident particles per unit area per unit time per solid angle
= Area of incident beam that is scattered into detector per solid

angle at angle &



.

Standardization of scattering experiments --
Differential cross section

do | Number of detected particles at 6 per target particle per unit time
d () Number of incident particles per unit area per unit time
= Area of incident beam that is scattered into detector

at angle @
dpbdb Impact parameter: b

b
sind

dQ ) dgsinddo 40

*d‘b df

[\\ * E 5 .f..-
t AL
U Scautering
CEnter
dA=2xbdb

Figure from Marion & Thorton, Classical Dynamics

(dgj dé b db

o

9/28/2023 PHY 337/637 Fall 2023-- Lecture 10 8


Presenter Notes
Presentation Notes
Some details of scattering geometry and analysis.


Note: The notion of cross section is common to many areas
of physics including classical mechanics, quantum
mechanics, optics, etc. Only in the classical mechanics
can we calculate it from a knowledge of the particle trajectory
as it relates to the scattering geometry.

b /fﬂ d (Dbdb
@ t E :/,\'{; ‘ @
U Scattering

center
dA=2x b db

Figure from Marion & Thorton, Classical Dynamics

b
siné

(daj d¢ b db

3 db Note: We are assuming
dQ

do that the process is
Isotropic in ¢

" dpsind do


Presenter Notes
Presentation Notes
More details.


https://www.aps.org/publications/apsnews/200605/history.cfm

APSNews

May 2006 (Volume 15, Number 5)

This Month in Physics History

May, 1911: Rutherford and the Discovery of the Atomic
Nucleus
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https://www.aps.org/publications/apsnews/200605/history.cfm

Example: Diagram of Rutherford scattering experiment
http://hyperphysics.phy-astr.gsu.edu/hbase/rutsca.html

Flash of

light Microscope

Fluorescent

@ - @ 0 screen
Scattering

angle

Polonium Gold
sample foil

9/28/2023 PHY 337/637 Fall 2023-- Lecture 10 1


Presenter Notes
Presentation Notes
This illustrates the setup of the famous Rutherford scattering experiment.

http://hyperphysics.phy-astr.gsu.edu/hbase/rutsca.html

Graph of data from scattering experiment

Scattered alpha particles
S

£l

10°

10

From website: http://hyperphysics.phy-astr.gsu.edu/hbase/Nuclear/rutsca2.html

9/28/2023

=

Geiger and Marsden's
data points

Theoretical scattering
of one point charge
off another
Rutherford %
formula

¢ 200 407 607 BOF 1007 1200 14F°

Scanering angle
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Presenter Notes
Presentation Notes
Reconstruction experimental data from the Rutherford experiment.

http://hyperphysics.phy-astr.gsu.edu/hbase/Nuclear/rutsca2.html

How can we relate the differential scattering cross section
values to information about the interaction potential V' (r)
(assuming a central force interaction = conserved
angular momentum /). In the following we will assume
that the target particle 1s stationary (due to its large

mass compared with the scattering particle).

Note that 1n the following slides, we reference
the "center of mass reference frame" which will
be discussed next time. For now, we can assume
that the scattering particle has mass ¢ = m, and

the energy of interest 1s £ _,.



For a continuous potential interaction V(r)

1 .,
E  =—ur + 2+V(r)
/2 2 2ur
8 =+ V(r)
2Ur
7 H
6 / Need to relate these parameters to
5 differential cross section do
3 dQCM
2
1
0
3 4
r, r
min m.m
U=——"2 (=angular momentum
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More details

1 0> m.m
E  =— I;'z-l- +V(r — 1 2

m, +m2

Since r(t) represents motion in a plane, we will analyze the
system in that plane and use polar coordinates.

r(r) = x(O)X+ y(1)y
x(t) = r(t)cos(x(2))

(1) =r(t)sin x(t)) N .,
Note that [F(¢)|” = x*(£) + 3*(?)

= () +r ()1 (1)



Also note that the relative angular momentum

of the system 1s a constant

(=pur’y
| WINE | . T,
So that ~H ()| = > u(FP )+ (07 0)
1, /2
T M (t)+2,ur2
1 2
PE  =—ui’+ £ +V(r)

rel 2 2,Ll7' 2



Trajectory of relative vector in center of mass frame

r(x)

r(x)

=>Need to find an equation for r(y)

center of m
scattering.
| 0’
E  =—ui*+ +V(r)

rel o 2ILU’2



How is this related to scattering?

Xmax

Xmax

Note that here 0 measures
the scattering angle
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. dy dy

Evaluation of /! =rX lur =rur——= ur- —=
constants far from ( ) dt dt
scattering center -- also: ¢ =bur(t =—wn)
Note that £, and / can be 1 . 5
evaluated from 7(¢) Erel = E H (7’ (£ = _OO))

at f = —o0 Or t = o0,

= (= b\/2,uEr

el

r(r) =r(t) x (O +r()r

4,
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Presenter Notes
Presentation Notes
Relating the constants of the problems to values determined when the particles are very far apart.


Questions:

1. How can we find r( y)?

2. Ifwe find (), how can we relate y to 6?
3. How can we find 5(8)?

Recall --

d_aj b |db
Q) sin6|do




Conservation of energy 1n the center of mass frame:
2 2

Erel EE:lﬂ(ﬂj T g 2 +V(l")

2"\ dt 2ur
Transformation of trajectory variables from ¢ to angle:
r(t) < r(x)
dr _drdy dr !
dt dy dt dy ur’

. d
Here, constant angular momentum is: /£ = ,ur2 (—Zj

dt
2 2
:Ezly(dr : j + : +V(r)

2 \dy ur’ 2 ur’


Presenter Notes
Presentation Notes
Up to now we are expressing the trajectory as a function of time t.     For this analysis however, we would like to find the trajectory as a function of the angle \phi.   The relationship of the constant angular momentum to the \psi and time variables allows us to find r(\psi).


Solving forr( y ) < y(r):

2 2
From: E:l,u(dr ‘ j + ‘ +V(r)

2" \dy ur’ 2ur’
2 4 2
dar | _ 2/’2” gt ¥ (r)
dy 14 2ur
( A
2
dy = dr Clr

\/Zy[E— £ . —V(r)j
N 2pr J


Presenter Notes
Presentation Notes
Lots of algebra ….


When the dust clears:

( A
2
dy = dr Clr
€2
\/Zy(E—z Z—V(r)]
\ Hr J
( | {=b\2uE
2
dy = dr b/r

= Koax O, E) = (r > 0) = y(r=r,,)


Presenter Notes
Presentation Notes
The scattering process involves the aspects of the trajectory at large separations.


Trajectory of relative vector in center of mass frame

r(x)

r(x)

=>Need to find an equation for r(y)

center of m
scattering.
| 0’
E  =—ui*+ +V(r)

rel o 2ILU’2





Presenter Notes
Presentation Notes
When r=rmin, \phi=0.   \phi increases to a maximum value.


For a continuous potential interaction V(r)

1 .,
E  =—ur + 2+V(r)
/2 2 2ur
8 =+ V(r)
2Ur
7 H
6 / Need to relate these parameters to
5 differential cross section do
3 dQCM
2
1
0
3 4
r, r
min m.m
U=——"2 (=angular momentum
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Close up of repulsive interaction for a particular trajectory;
Also visualizing impact parameter b

Relationship between y,.., and 6:

——— — — — — ——— — — [T

2Wmr — + @ =y Here, 0 represents
( Xmax ) the scattering angle

T (9 in the center of

_ mass frame and ¢
= %max 2 2 IS used instead of y.
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Presenter Notes
Presentation Notes
Problem with consistent notation.      Here we are using the textbook’s definition of theta which is OK if the target mass is infinite.


.

General equations for central potential V(r)

9:—7Z+2bT dr

l/l’min

9=—z+2bjcm
0

/

b/r

%_K_VU)
N E

\
1/7°
\/1 B b’ V()
N7 E )
4
1



Presenter Notes
Presentation Notes
The last equation is a convenient change of variables.


S
=>» These equations relate scattering anc\;le to impact

parameter b (
o0 2
zmax=£+g=fd’” ol
2 2 7 \/1_b2 V(r)
\

min

re E )

9=—ﬂ+2bTm”

1/r .
e 1 To go further,
O=—m+2b | du
.([ o, V1 u) we need to
\ 1-bu” - know V(r)



Presenter Notes
Presentation Notes
The last equation is a convenient change of variables.


Example: Diagram of Rutherford scattering experiment
http://hyperphysics.phy-astr.gsu.edu/hbase/rutsca.html

Flash of
light

Fluorescent

@ - @ 0 screen
Scattering

angle

Polonium Gold
sample foil
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Presenter Notes
Presentation Notes
Here we use a diagram from the web about the Rutherford geometry.

http://hyperphysics.phy-astr.gsu.edu/hbase/rutsca.html

.

Scattering angle equation: where:
( h
l/r,,. b2 V(r 1 )
S 1 1 . . min / _
0=—m+2b j du 7
0 \/l—bz 2_V(1/”) i
\ E )
Rutherford scattering example:
Vr)_x . bz_K‘:O
E - r rnzin me
1 1 K ( K jz
—=—| —+,[]| — | +1
r. bl 2b 2b
r i 1 1
0=—-m+2b j du( szSin1
o W10 —ku J(2b/x) +1


Presenter Notes
Presentation Notes
Summary of all of the equations and then specializing to the Coulomb interaction form.


Some details —

Rutherford scattering example:

Vir) _«
E r
SI units
zZe’ :
V(r)= where e represents the elementary charge in Coulombs
d7re,r
r represents the particle separation in meters
Vir) « zZe’

— K =
E r drre B



Rutherford scattering continued :

=2sin™ :
/=2 [\/(219/1()2 +1]

2b  |cos(6/2)
sin(@/2)

o
dQ) siné

db‘ K* 1

6| 16 sin*(6/2)


Presenter Notes
Presentation Notes
In this case, the integrals can all be evaluated analytically and simplify to this famous result.


do
dQ)

scattered alpha particles

10

b

db _K2 1

sin@ |d0| 16 sin*(0/2)

Geiger and Marsden's
data points

Theoretical scattering
of one point charge
off another

- | formula

Rutherford

i | i
@ 200 400 600 BOF 100° 1200 140F
scanering angle

What happens as
0 >07?

From webpage: http://hyperphysics.phy-astr.gsu.edu/hbase/nuclear/rutsca2.html#c3

9/28/2023
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Presenter Notes
Presentation Notes
Reconstructed data taken from the web.

http://hyperphysics.phy-astr.gsu.edu/hbase/nuclear/rutsca2.html#c3

Original experiment performed with o particles on gold

xk ZZ.e ZZ,e
4 8rmeuv, l6rmeE.

(in Sl units)

(d_aj_'fz 1
dQ) 16 sin*(0/2)


Presenter Notes
Presentation Notes
Evaluation of constant for this case.


General formula relating 5 and 6 : where:

( ) b> V(r
/70 1 r2 E

0=—-7+2b j du

0 \/1_b2 2_V(1/1/l)
\ E )

—> There are relatively few forms of V' (1/u)

for which the integral has an analytic result.
A problem mentioned 1n Cline for an example:
: 7T—0
V(r) =lz where o _ 7/7,? ( ) >
v dQ) Esiné@ (92(27;_9)

More generally, it is possible to use numerical integration
methods (with care) to evaluate b(6).




.

Transformation between lab and center of mass results:
Differential cross sections in different reference frames —

continued:
do,,;(0) _[ docu (v) |dcosz//|
dQl, ., dQ,,, d cos O

3/2
do,;(0)) (doa, (v) (1+2m1 / m, cosy +(m, /mz)z)
dQ,,, ) \ dQq, (m, / m,)cosy +1

sin For elastic scattering

where: tand =
cosy +m, / m,


Presenter Notes
Presentation Notes
Will be discussed next time.
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