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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF in Olin 103

Notes for Lecture 11: Rigid bodies – 
Chap. 5 (F &W)

1.  More about moment of inertia tensor

2. Torque free motion

3. Digression on matrix diagonalization 
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Presenter Notes
Presentation Notes
In this lecture we will consider the rotational motion of rigid bodies as presented in Chapter 5 of your textbook.
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Note:    For a given object and a given coordinate system, 
one can find the moment of inertia matrix
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Moment of inertia in 
original coordinates
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Presenter Notes
Presentation Notes
Consider a simple rectangular solid with a coordinate system at the edge of the system.
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Properties of moment of inertia tensor:
 Symmetric matrix real eigenvalues I1,I2,I3
                              orthogonal eigenvectors
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Presenter Notes
Presentation Notes
The moment of inertia tensor in matrix form is a symmetric matrix and therefore can be diagonalized.   The eigenvalues are known as principal moments of inertia and the eigenvectors are known as principal axes.
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Changing origin of rotation
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Presenter Notes
Presentation Notes
Here we consider what happens when we evaluate the moment of inertia tensor about a different origin.   In this case, the new origin  happens to be at the center of mass.
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Presenter Notes
Presentation Notes
Some details.
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changing the center of rotation 
does not necessarily result in a 
diagonal I’

Note that changing origin of 
coordinate system changes 
moment of inertia tensor.

Presenter Notes
Presentation Notes
When the dust clears for this case.     Note that I’ happens to be diagonal already,       however it is not generally true that shifting the origin for the moment of inertia would result in a diagonal matrix.
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Descriptions of rotation about a given origin
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Presenter Notes
Presentation Notes
In the next slides we will focus on the fact that each rigid body has 3 principal axes and 3 moments of inertia for a given origin.     It is often convenient to use that coordinate system to analyze rigid body motion.
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Descriptions of rotation about a given origin -- continued
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Time rate of change of angular momentum

For (body fixed) coordinate system that diagonalizes
 moment of inertia tensor:

ˆ ˆ ˆ ˆ ˆ             
ˆ

body

i i i

d d
dt dt

I
I I

ω ω ω
ω

 = + × 
 

⋅ = = + +
= +

L L ω L

I e e ω e e e
L e



  



( )

( ) ( )

2 2 3 3 3

1 1 1 2 2 2 3 3 3 2 3 3 2 1

3 1 1 3 2 1 2 2 1 3

ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ                           

I
d I I I I I
dt

I I I I

ω ω

ω ω ω ω ω

ω ω ωω

+

= + + + −

+ − + −

e e
L e e e e

e e

 

  

    

   

Presenter Notes
Presentation Notes
Here we consider the angular moment expressed in the diagonalized body fixed frame of reference.
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Descriptions of rotation about a given origin -- continued
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Presenter Notes
Presentation Notes
While it is very difficult to express torque in this reference frame, we can readily solve problems with zero torque.
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Torqueless Euler equations for rotation in body fixed frame:
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Presenter Notes
Presentation Notes
For the general system with three distinct moment of inertia, the solutions are difficult, but simplifications occur when two moments are the same, in this I1=I2.
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Solution of Euler equations for   symmetric object continued
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Presenter Notes
Presentation Notes
Time dependence of the symmetric top in free space
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Example symmetric top --

3

1 2
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Torqueless Euler equations for rotation in body fixed frame:
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Presenter Notes
Presentation Notes
Now consider the more general case.
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Solution for asymmetric object  :   
   Approximate solution --
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Presenter Notes
Presentation Notes
Reasonable approximations.
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Euler equations for asymmetric object continued

Presenter Notes
Presentation Notes
We see that there are conditions that allow stability for this system,.   --- to be continued.
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Presenter Notes
Presentation Notes
Review of notions of rigid body motion.
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( )2

Matrix notation:

                
xx xy xz

yx yy yz ij p ij p pi pj
p

zx zy zz
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I I I I m r r r
I I I

δ
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 
 

∑I
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Moment of inertia tensor

1 1 2 2 3 3

1For general  coordinate system:    
2

For (body fixed) coordinate system that diagonalizes
ˆ ˆ moment of inertia tensor:                 1,2,3
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Presenter Notes
Presentation Notes
In general there is a symmetric tensor which defines the moment of inertia.    By rotating the coordinates about a fixed origin we can find the matrix in diagonal form.
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Descriptions of rotation about a given origin -- continued
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1 1 1 2 2 2 3 3 3

2 3 3 2 1 3

Note that the torque equation

is very difficult to solve directly in the body fixed frame.
In principle,
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  
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  

Only useful if we can express 
in the body fixed coordinate frame.
Next time, Euler angles will come
to the rescue.

τ

Presenter Notes
Presentation Notes
When there is zero torque acting on the system, the angular velocity components are coupled through these Euler equations.
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Digression on matrix diagonalization

( )2

Moment of inertia tensor
in original coordinates

    

          

xx xy xz

yx yy yz
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ij p ij p pi pj
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Moment of inertia tensor
in principal axis system
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Note that ij jiI I=

Eigenvalues of a symmetric matrix are real and 
eigenvectors are orthogonal.
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α

λ

λ λ λ λ λ

λ

 −
 

= − − 
  − 

− −

− = − − − = − − + =

− −

M

M I



9/18/2024 PHY 711  Fall 2024-- Lecture 11 26

( )( )
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Example   -- continued

0

2 ( 2 )

0

Solving for eigenvector corresponding to 0

0

2 0         

0

Norm

x
x z

y
y y

z

A AB

AB B AB A A B

AB A

A AB y
y y BAB B AB y
y y A

yAB A

α

α α α α α

α

α
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/
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1 2 /
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=  
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Digression on matrices -- continued

Eigenvalues of a matrix are “invariant” under a similarity 
transformation 

1 1

Eigenvalue properties of matrix:        
Transformed matrix:                          ' ' ' '

If                       '          then    '  and '

Proof                  

α α α

α α α

α α α α

λ
λ

λ λ− −

=

=

= = =

My y
M y y

M SMS S y y

SM

( ) ( )
1

1 1

' ' '

                             ' ' '
α α α

α α α

λ

λ

−

− −

=

=

S y y

M S y S y

This means that if a matrix is “similar” to a Hermitian matrix,
it has the same eigenvalues.  The corresponding 
eigenvectors of M and M’ are not the same but 1 'α α

−=y S y
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Note, here we have defined  S as a transformation 
matrix (often called a similarity transformation matrix)

1

1

Sometimes, the similarity transformation is also unitary so that 

Example for 2x2 case --
cos sin cos sin

        
sin cos sin cos

H

Hθ θ θ θ
θ θ θ θ

−

−

=

−   
= = =   −   

U U

U U U

How can you find a unitary transformation that also 
diagonalizes a matrix?

1

2

0
Example --   =        '=

0
A B
B C

λ
λ

  
  

   
M M
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2 2 1
2

2 21
2

1

2

1

0
Example --   =        '=

0

cos sin
'          for 

sin cos

cos cos 2
'

cos 2 sin
sin sin2

e

( )sin 2
( )

c

sin 2 cos s

ahoo
2

s

in2

1 t  n

H

C B C A
C A C B

A B
B C

A B
B A

θ θ
θ θ

θ θ θ θ θ
θ θ θ θ θ

θ

λ
λ

−

  
  

   
 

= =  − 
 −

=  
− 

−
=⇒

+ + − −
− − + −

M M

M UMU U

M

2 2
1

2 2
2

sin s

2

in2
cos

cos
sin sin2

C B
C

C

B

A
A B

A
λ θ θ θ

λ θ θ θ

+

 
 − 

= +

⇒ = + −

⇒

Note that this “trick” is special for 2x2 matrices, but numerical 
extensions based on the trick are possible.
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Note that transformations using unitary matrices are often 
convenient and they can be easily constructed from the 
eigenvalues of a matrix.

1 2
1 1 1
1 2
2 2 2

Suppose you have an  matrix  and find all  eigenvalues/vectors:

   orthonormalized so that  

Now construct an  matrix  by listing the eigenvector columns:
N

N

N N N

N N

y y y
y y y

α α α α β
αβδλ

×

= =

×

≡

M

My

U

y y y

U







1* 1* 1*
1 2
2* 2

1

* *
1 11 2

1 2 * * *
1 2

2
1

           by construction  

0 0
0 0

Also by construction   

0 0

N
N
N

N N N N
N N N N

N

y y y
y y y

y y y y y y

λ
λ

λ

− −

−

   
   
   ≡ ⇒ =   
      
   

 
 
 =
 
  
 

U U U I

U MU





      

 





   


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