PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF in Olin 103

Discussion for Lecture 19 — Chap. 4 (F & W)

Analysis of motion near equilibrium —
Normal Mode Analysis

1. Normal modes for finite 2 and 3 dimensional
systems

2. Normal modes for extended systems
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E .

Wed, 9/18/2024 |Chap. 5 Dynamics of rigid bodies #10
12 |Fri, 9/20/2024 |Chap. 5 Dynamics of rigid bodies #11
13 [Mon, 9/23/2024 |Chap. 1 Scattering analysis #12
14 Wed, 9/25/2024 |Chap. 1 Scattering analysis #13
15 |Fri, 9/27/2024  |Chap. 1 Scattering analysis #14
16 [Mon, 9/30/2024 |Chap. 4 Small oscillations near equilibrium
17 \Wed, 10/2/2024 |Chap. 1-6 |Review THE-10/3-9/24
18 [Fri, 10/4/2024 |Chap. 4 Normal mode analysis THE-10/3-9/24
19 Mon, 10/7/2024 |Chap. 4 Normal mode analysis in multiple dimensions  |[THE-10/3-9/24
20|Wed, 10/9/2024 |Chap. 4&7 |Normal modes of continuous strings THE-10/3-9/24
21 Fri, 10/11/2024 |Chap. 7 The wave and other partial differential equations
22 Mon, 10/14/2024 |Chap. 7 Sturm-Liouville equations
23 Wed, 10/16/2024 Chap. 7 Sturm-Liouville equations

Fri, 10/18/2024 |Fall Break
24 Mon, 10/21/2024 |Chap. 7 Laplace transforms and complex functions
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g\low consider a potential system in 2 dimensions near its

equilibrium point -- YU
V(xﬂy) ~ V(xeqﬂyeq)_F%(X_XeQ) ax2

xeq 9yeq
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Presenter Notes
Presentation Notes
Returning to the finite systems,   consider equilibria in two dimensions as shown.


Example — normal modes of a system with the
symmetry of an equilateral triangle

Degrees of freedom for

2-dimensional motion:
2N =6
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Presenter Notes
Presentation Notes
Specifically, we will consider 3 masses in an equilateral triangle configuration as shown.


Some details for this case of the equilateral triangle --
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

Potential contribution for spring 13:

1
Vs :Ek(wn TU, _“1|_|€13|)2

U, 2 |€13|
2
1 1 \/§
zgk[g( X3 _”x1)+7(”y3 _”yl)j
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Presenter Notes
Presentation Notes
We need to consider displacements from equilibrium in the x-y plane.   Keeping only linear terms in the displacements we wind up with a simple relationship to analyze.


Some details for spring 13:

2
(‘513 + U _“1‘_‘513‘)2 = ((613 +“13)1/2 _‘613‘) negligible

) 1/2

20050, [ U5
‘513‘ ng Assume ‘u13‘<< ‘613‘

2
2 || 20 ||
SO0 I e Tl N D VR PR E Bl
m[ wj ol 5

/2 2 (-, 2 Note that this analysis
= ((513 +uy;) _‘gw‘) ~ ‘f ‘ of the leading term is
13 true in1, 2, and 3
dimensions.

(‘613 +u,, )1/2 = ‘(13‘(1+
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

Potential contribution for spring 13:

1
Vs :Ek(wn TU, _“1|_|€13|)2

U, 2 |€13|
2
1 1 \/§
zgk[g( X3 _”x1)+7(”y3 _”yl)j
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Presenter Notes
Presentation Notes
We need to consider displacements from equilibrium in the x-y plane.   Keeping only linear terms in the displacements we wind up with a simple relationship to analyze.


Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

Potential contributions: V=V, +V,,+V,,

zlk(glz '(uz _ul)}2 +lk(€13 '(u3 _HI)T
2 |€12| 2 ‘613‘

+1k[@3-(u3—uz)f

2 12,5
~lk(u —u )2
~ 2 x2 x1
2
1 (1 J3
+5k(5(ux3 —ux1)+7(uy3 —uyl)]


Presenter Notes
Presentation Notes
Analyzing the 3 displacements for the equilateral triangle geometry, we find these equations.


Equations of motion:

. oV . oV y oV
mu,, =-— mu,, =— mu,, =-—
ou_, ou ou_,
y oV y oV . oV
mii_, =— mii , =— mii_, = —
ou_, ou ou_,

Potential contributions: V=V, +V,,+V,,

1 (1 J3 2
V ~ —k(ux2 —U_ )2 +—k£—(”x3 _”x1)+_(”y3 _uyl)]

2 |2 2



Equations of motion:

. oV y oV . oV
mu.,=——_—" muyl =—— MU, =——
ou_, ou,, ou_,
. oV . oV . oV
mi_, =— mil,, =— mu_, =—
ou_, ou ou_,

Assume harmonic time dependence --

ot

u (t) >u_ e ™

—iw,t

.. )
uxl (t) — _a)auxle



®
Example — normal modes of a system with the

symmetry of an equilateral triangle -- continued

5 1 1 1
s L1, g
5 1
-1 - — 0 J3 J3
k
— - L 1l Lls oo
m 4 4 2 4
1 1 3 3
SV 0 s o 3
1 1 3 3
I S 3 3
1 1 3 3 3
o e e e X

10/07/2024

PHY 711 Fall 2024 -- Lecture 19

12



Presenter Notes
Presentation Notes
The results is a 6x6 matrix problem to find eigenvalues and eigenvectors.


Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

With help from Maple

N
cccm|wm|ww
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Presenter Notes
Presentation Notes
Results from Maple.     We have 6 eigenvalues and 3 non-zero modes for this case.
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What can you say
about the 3 zero
frequency modes?

What can you say
about the 3 non-zero
frequency modes”?
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®
More general treatment of atomic system near equilibrium

Atoms located at the positions :
R“=R," +u’

Potential energy function near equilibriu :

ol =l e L3 (R R, >a§§;;b{

a,b

-(Rb - Rob)
‘)

O

Define:



Presenter Notes
Presentation Notes
Some equations for extended systems.


L(jus i) =2 Sm, (i) Uy -5 3 Dl
a]

a,b,j.k

Equations of motion:
ceq ab . b
m, i ==) Diluj
b,k

For a system of N atoms moving in d dimensions,

we must solve a dN xdN eigenvalue problem.

Solution form:
1

u; (1) :W
a Dab

Eigenvalue problem: @ 4! =) ——E—= 4

b.k Y mamb

a —iwt
Aj e



Presenter Notes
Presentation Notes
More euqations.


Extension of this analysis to a periodic system --
Equilibrium positions: R; =1“ +T
where T° denotes unique sites within a unit cell

and T denotes all possible lattice translation vectors

Solution form for the periodic extended system:

1 (t) _ A;zg—iwtﬂq-RS

J
q maps distinct

configurations of
periodic states.
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Define :
ab _iq-\t?-1°
3 gl
\/m m,
Eigenvalue equations :
W’ A =Y W(q)y 4
b,k

iq-T

ab
W]k

In this equation the summation is only over
unique atomic sites.

— Find "dispersion curves" a)(q)


Presenter Notes
Presentation Notes
More equations.


3-dimensional periodic lattices
Example — face-centered-cubic unit cell (Al or Ni)

Diagram of Diagram of g-
atom positions space  v(q)
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Presenter Notes
Presentation Notes
Interesting extensions to a 3-dimensional crystalline system.


.

v (THz)

(a)

10

0

000 025050 075100 075 050 025 00
q--> <-q q--> (b) q-> <-q q-->

From: PRB 59 3395 (1999); Mishin et. al. v(q)

L

r [q00] X K [aq0] r [9aq] L r (q00] X K [ag0] r [gga]

Qaﬁ-ﬂ

L. . 8

v (THz)

1 1 1 i 1 1 1
0
25 0.5C 0.00 025 050 0.75 1.00 075 050

i m/aT//D % N
: 4

FIG. 2. Comparison of phonon-dispersion curves for Al (a) and
Ni (b) predicted by the present EAM potentials, with the experi-
mental values measured by neutron diffraction at 80 K (Al) and 298
K (Ni) (Ref. 33 for Al and Ref. 34 for Ni). The phonon frequencies
at point X were included in the fitting database with low weight.

Note that for each q, there are 3 frequencies.
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Presenter Notes
Presentation Notes
Results of normal modes from experiment and simulations for face centered cubic Al (left) and Ni (right).    Interestingly, the phonon frequency patterns are similar for these very different materials.


Lattice vibrations for 3-dimensional lattice

Example: diamond lattice

Ref. http://phycomp.technion.ac.il/~nika/diamond_structure.html
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Presenter Notes
Presentation Notes
Another example – diamond.


®)

[ A
B. P. Pandy and B. “lOAOTREL
Dayal, J. Phys. C. L,
Solid State Phys. 6 J ¢
2943 (1973) }fj ’
/A
i jﬁ;
e k
t:i Ia /]/“:
€ f ;' 3
% / LA
= -/ | \-1 | / 1/
|T5 NS | ,5 L/
o0 04 0810 !0 02 O 2 [}4
[£00] — -— [ee 0] ¢t —

Reduced wavevector £

Figure 2. Phonon dispersion curves of diamond. Experimental points

et al (1965, 1967). A and O represent the longitudinal and transverse mu
10/07/2024 PHY 711 Fall 2024 - Lecture 19 22


Presenter Notes
Presentation Notes
Results for diamond from simulation and experiment.


Examples of phonon spectra of two forms of boron nitride

Cubic structure

GF K X I’ L

Figure 1. Phonon dispersion curves (w"(q)) for cubic BN. The
inset Brillovin zone diagram was reprinted from Setyawan ef al [7],
Figure 3. Ball and stick drawing of conventional unit cell of cubic copyright (2010), with permission from Elsevier.

BN (space group F43m [44]) indicating one B and one N site within

a primitive cell. The arrows indicate the vibrational directions

of the atoms for one of the three degenerate optical modes at q = 0

(I" point).
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Examples of phonon spectra of two forms of boron nitride

Hexagonal structure

\
N, " N, B
D » ¢-—pyréal)
c NZ c Nz
1 1 1 1
a a
(a) (b)
“.-'\ I M K I

Figure 5. Ball and stick drawing of unit cell of hexagonal BN ) ] "
(space group P63/mmec [44]) indicating the four B and N sites. The FIgI.I_l‘E 2. Phonon dispersion curves (w"(q)) for hexagonal BN.
arrows indicate the vibrational directions of the atoms for q = 0 (T I'he insel Brillouin zone diagram was reprinted [rom Setyawan ef al
point) mode # 7 (a) and for mode # 11 (b). [7], copyright (2010), with permission from Elsevier.

10/07/2024 PHY 711 Fall 2024 -- Lecture 19 24



Helmholz free energy for vibrational energy at temperature T:

Fyn(T) = [ do fun(, T),

. - I haw \ |
Jvin(w, T) = kgT In |2 sinh ( ) 2(w).

Phonon density of states:

vV 3N
g(w) = 7) deQZE(m—wu(q)),

v=1
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An example of phonon analysis for two similar materials --

Some details of the vibrational stabilization at WAKE FOREST
T=300K for L|4P S¢ and Na,P,S, |n C2/m structure

l 0 I I I T I I I T |

Li,P,S, N%sta

0.8 1
F,,(300K)=-0.08 eV

T
|

0.8
F,,(300K)=0.12 eV

T

1
T
|

0.6 0.6

0.4

T
1

0.4

0.2

0.0 0.0

[ /.,(&'.T = 300K)dé>'
0

0.2 & 0.2
ffwb(a)' T =[300K)dc>’
04 1,67 = %OOA)xloo | 048 7 1(&,7 =300K) x 100 |
0 100 200 300 400 500 600 0100 200 300 400 500 600
:  tem™ - @@ From calculations
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Simulation of structural stability patterns -- continued g

[ A

Na,P,S; in the C2/m Structure (36 modes) |

WAKE FOREST

UNIVERSITY

Li4P,Se in the P3m1 Structure (108 modes)

600 = = (H— e T X m}{-}%% .
m'—waz (@) " 500 - 1/
__If—-\ ’ - ‘-j‘é\ _,C__,E}: e W E— N
o Tt 5 400 ) -
o 400 — - b=
O S C)) — z g;é -
g S 300 —
g 00~ | 1 T T T A g‘
g = —_— —— = 200
= 200 —— = =
}
| é 100 — Li
100 E ' M — P
= f? — P >
o S MK I A LH AL MH K PIDOS
T v o OOM A TIL, T v PIDOS L‘+ 0 370 1
= I ~ cm-
+ ~ -1
Na 0~300 cm (P,Sg)*  370~600 cm-’
(P,Se)*  300~600 cm-’
v BN
. g (w) = - d° Mw — w, Wy
'Suggested path: Hinuma et al., Comp. Mat. Sci. 128, 140-184 (2017) PIDOS: ¢'(«) (2m)* f q;( ( (@)Wet@)

2Li et al., /L Phys. Condens. Matter, 32, 055402 (2020)
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Discontinuous branches at I': coupling between photon and phonon

From calculations
by Yan Li
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