PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWEF in Olin 103

Notes for Lecture 24: Chap. 7
& App. A-D (F&W)

Generalization of the one dimensional wave equation =

various mathematical problems and techniques including:
1. Laplace transforms
2. Complex variables
3. Contour integrals
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17 \Wed, 10/2/2024 Chap. 1-6 |Review THE-10/3-9/24
18|Fri, 10/4/2024  |Chap.4  |Normal mode analysis THE-10/3-9/24
19\Mon, 10/7/2024 |Chap.4  |Normal mode analysis in multiple dimensions THE-10/3-9/24
20 \Wed, 10/9/2024 |Chap. 4&7 Normal modes of continuous strings THE-10/3-9/24
21|Fri, 10/11/2024 \Chap. 7  [The wave and other partial differential equations
22 Mon, 10/14/2024 \Chap. 7 |Sturm-Liouville equations #19
23 |\Wed, 10/16/2024 (Chap. 7 |Sturm-Liouville equations #16

Fri, 10/18/2024  |Fall Break
24 Mon, 10/21/2024 |Chap. 7 ||Laplace transforms and complex functions #17
25 |Wed, 10/23/2024 |Chap. 7 \Complex integration
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Presenter Notes
Presentation Notes
No new homework while working on mid term exam.


PHY 711 — Assignment #17
Assigned: 10/21/2024  Due: 10/23/2024
Continue reading Chapter 7 in Fetter and Walecka.

1. Consider the differential equation

where Fj is a given constant and where the initial values of ¢(t) are given as ¢(0) = 1 and

dep _ _
d—'t(t—[]) = ().

(a) Find the Laplacian transformation of this system.

(b) Find the inverse Laplacian transform to determine the function ¢(t).
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Last time, we introduced the Fourier Transform --

Definition of Fourier Transform for a function £ (¢) :

f(t) = T do F(w) e
- Note that:

Backward transform:
it

= t)tisi {
Py - J, it f) e e cos(wt) X isimn(wt)

In this lecture, we will discuss a similar concept —
the Laplace Transform. .
10 —> —p




A brief introduction to Laplace transforms --

Laplace transforms are particularly useful in solving 1nitial value problems.

The Lapace transform of the function ¢(x) 1s defined:

Ly (p) = [ " p(x)dx

Assuming that ¢(x) 1s well-behaved in the interval 0 < x <oo, the following

1dentities can be shown:

Ld¢(x)/dx (p) = je‘Px dp(x)

0

dx =—¢(0) + pL¢(x) (p)

X

and

T oomdi(x) d¢(0)
L yiyac (P = j e’ dx’ d dx

0

— p9(0) + p2L¢(x) (p)



Some details (integrating by parts)--

Recall
Ly (p) = [ €7 p(x)dx
Then:
. . ,
Lipoyan(p) = [ L2 e =[ (790 dv+ p e ™ g

=—¢(0)+ pL¢(x) (p)
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These identities allow us to turn a differential equation for ¢(z) into an algebraic equation
for L£s(p). We then need to perform an inverse Laplace transform to find o(z).

For illustration, we will consider a simple example with 7(z) =1, a(z) =1, A = 0. The
differential equation then becomes

= F(z). (27)

where we will take the initial conditions to be ¢(0) = 0 and do(0)/dx = 0. For our
example, we will also take F(z) = Fye™*. Multiplying, both sides of the equation hy e7*
and integrating () < z < oo, we find

Lolp) = - = (28)
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In general the inverse Laplace transform involves performing a contour
can use the following simple relations

> 1
Ly :/ e Pdr = —.
0 P
o 1

L, = f re Prdy = —-
0 P

x 1
b= [Ceerin = L
0 P+

Fﬂ Fﬂ 1 1 ¥
TR +p) -~ e )
p*(y +p) Y+p op P

we see that the inverse Laplace transform gives us

Noting that

o(x) = fo (1 —e 7T — ’}f':r) .

integral, but we

(29)

(30)

(31)

(32)

(33)

We can check that this a solution to the differential equation

dp
dx’
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Using Laplace transforms to solve equation :

(—d—Z—quﬁ(x) =F, sin(@j with #(0)=0, 420 _
d dx

Note that : f et =—2
ote tha '([ sin(a [ = e p2
= ¢(x)= e gz (sm( mj — Z sin(x)j
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Table of Laplace

Laplace Iransiorm [able
Largely modeled on a table in D'Azzo and Houpis, Linear Control Systems Analysis and Design, 1988

F(s) fin 0=t
tranSfO 'ms L1 o(1) unit impulse at 7= 0
7 L 1 or u(f) unit step starting at £ = 0
5
3 1 r-u(t) ort ramp function
- 2
5
1 L L
4, o (n—1)! n = positive integer
< _1€—m u(t —a) unit step starting at ¥ = a
)
1 (- ut)-u(f—a) rectangular pulse
—(l-e
6. S
7. :_ e exponential decay
§T+d
1 1 n-1_—at
8. (s+a) ﬁ n = positive integer
9 1 ]' 1 —ar
Tos(s+a) E( —e™)
1 b
10 S —(l——e“““rie'“)
© s(s+a)(s+b) ab  b-a b-a
11 s+a i[a_b(a_a)e—m+a(a_b)e—bf]
©os(s+a)s+b) ahb b-a b-a
1 1 —at —bt
E——— —— (e —e
12 ¥as+b) b—a' )
13 s L (ae™ —be™)
7 (s+a)s+D) a-b
https://www.dartmouth.edu/~sulliv | W% place%20Transform%20Table.pdf
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https://www.dartmouth.edu/%7Esullivan/22files/New%20Laplace%20Transform%20Table.pdf

Inverse Laplace transform :
oo In order to evaluate these
L,(p)= je‘pt¢(t)dt integrals, we need to use
0 complex analysis.

A+ioo
= — f e £,(p Hp
A+ioo 1 A+ioo 00
Check: —— pt.B = — Pldp|e ™ d
= 2%1/1-[00 p)dp 27l lg[ooe p!e go(u) N
o0 A+ioo o0
%Ig&(u)du I e’y = ngﬂ(u)du I MU
7Tl 0 A—ioo —00

27UJ-(0(M du( M) D 5(t—u))

:{go(t) if >0

0O otherwise



.

In general — to calculate inverse Laplace transforms, we need
to introduce concepts of complex numbers and contour
iIntegration

Introduction to complex variables

Basic properties

Notion of an analytic complex function

Cauchy integral theory

Analytic functions and functions with poles
Evaluating integrals of functions in the complex
plane

abkwbh =


Presenter Notes
Presentation Notes
We will review/introduce the basic ideas associated with complex variables.


.

Complex numbers

i=+/-1 iP=-1

Define z=x+iy

|Z|2 =zz* = (x + iy)(x — iy) =x" +y’
Polar representation
z=p(cosg+ising)=p €’

Functions of complex variables

f(z) = ﬂ%(f(z)) + zS(f(z)) =u(x,y)+iv(x,y)

Derivatives: Cauchy-Riemann equations

(9f(z) _ Ou(z) Jrl_@v(z) 8f(z) _ 8u(z) +i8v(z) _ 8\/(2)
Ox ox ox i0y ioy ioy oy oy

dfzﬁf(z) _ af(z) . 8u(z) _ 8v(z) and _
dz  Ox oy ox oy ox oy

Argue that


Presenter Notes
Presentation Notes
First we consider the basic definitions and representations of a complex number.      Then we consider a function of complex numbers.    The Cauchy relationships follow  from the notion that a function that is differentiable in the complex plane must have consistent partial derivatives along the real and imaginary axes.


Analytic function
f(z) 1s analytic if it 1s:

o continuous
o single valued

o its first derivative satisfies Cauchy-Rieman conditions

Examples of analytic functions
= e* cos(y) +ie” sin(y)

ou . ov ov _ou J
—=e cos(y) =— =e’ sin(y) =
Ox oy ox Gy

z’ :(x+zy z( )+21xy u(x,y)+iv(x,y)
M _y vy ~/
Ox oy ox 5y
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Presenter Notes
Presentation Notes
Notion of an analytic function and an example that satisfies the conditions.


Examples of non-analytic functions

ig+i2rn

Note that z = pe” = pe for any integer

= Inz = lnp+i(¢+27m)
Inz 1is not analytic because it 1s multivalued
a _iag i2xna
p € € z“ 1s not analytic for non-integer «

because it 1s multivalued

Behavior of f(z) = Ln about the point z =0
z

For an integer n, consider

CJS dz = J‘,Oen ljf 1-n Tei(l—n)¢l-d¢:{ 0 n=#l
0

g 271 n=1
10/21/2024 PHY 711 Fall 2024-- Lecture 24 15



Presenter Notes
Presentation Notes
Examples of non-analytic functions.    Special property of contour integrals about a function with a simple “pole”.


Behavior of f(z) = Ln about the point z =0

z
For an integer n, consider

<ﬁi g zj petidg _ ., T g { 0 n=l
o

g p”ein(é g 2ri n=1

This observation helps us to focus on a special kind

of singularity called a "pole"

For f(z) 1nthe vicinity of z = Z,: f(2)~ g(zp )
zZ—2z
p
Therefore: qu(z)dz =0 or (j)f(z)dz _ g(Zp)q.D dz  _ 2rig(z)
z-z,

Integration does Integration does
not include z, include z,



®
<ﬁ f(2)dz =27y Res(f(z,))
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Presenter Notes
Presentation Notes
Contributions to a closed contour from various contributions.


.

General formula for determining residue:

Res( f(z
Suppose that in the neighborhood of z |, f(z) » hz)  _ (f ( p))

N —

Z_Zp) z>z, Z_Zp

Since h(z) = (z -z, )m f(z) 1s analytic near z ,, we can make a Taylor exansion

m—1
| di(z))  (z-z,) d"'i(z,)
about z, : h(z)~ h(zp)—l—(z—zp)Tp—l—...—l— D) dz’"‘lp +....

d" z-z, mf(z) \
— Res(f(zp)) = hm< l (( ) )

S (m-1))! dz""!

In the following examples m=1


Presenter Notes
Presentation Notes
Residue theorem


Example: j j dx 4+ 0 _C_‘S
. ' 1+x 1+z*
1 Im(z)
I >
1+ 2 :(Z_em/4)(2_e3m/4)(z_e—m/4)(z_e—3m/4) Re(z)
Cj) lj; dz = 27zi(Res(zp = ei”/4)+ Res(zp = e3i”/4)) ,l;ﬁt?'
Res(z , = eim) = e:: Res(z = 63’”/ )=— -

e ) A B )
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Presenter Notes
Presentation Notes
Example of a contour integral using the residue theorem.


.

Some details: : _
Note that: " =—-1=¢e""
2
z =3ix/4 __ in/d—inr __ ir/4
f(Z):1+Z4 e =e = —e

(eiﬁ/4 )2

_ irl4\ _
Res(f (z=e ) B ( o _ esmm)( o4 _ oIl )( o4 _ e—3m/4)

/2
B em

(eiﬁ/4 + e—iﬂ'/4 )(eiﬂ/4 . e—i;z/4 ) (eiﬂ'/4 + eiﬂ'/4 )

irr/4 ir/4
e e

2(i—(-1)) 4

Question — Could we have chosen the contour in the lower half
plane?
a. Yes b. No


Presenter Notes
Presentation Notes
Some details.


©  cos(ax)
Another example: 1 :0 4274 n 5232 n 1 dx

o0 ax 1az

©  cos(ax) ] e ] e
dx =— dx =— dz
I4x4+5x2+1 2j4x4+5x2+1 2<"54Z4+522+1

0 —00

4Z4+SZ2+1=4(Z—l')(Z—%)(Z+Z')(Z+%) N0t1e:
m-=

Im(z)

/= 27ri(Res(zp = i)+ReS(ZP :l))


Presenter Notes
Presentation Notes
Another example.


iaz

r 1
[ fos(“’? dy=—§———dz
Vaxt vs 41 27420 1527 41

=27zi(Res(zp = i) + ReS(Zp = é))

2%(—6_" -~ 26_“/2)

Question — Could we have chosen the contour in the lower half
plane?
a. Yes b. No

Note that fora >0 and z, >0

iaz iazp eaz]

in the lower half plane: e =e


Presenter Notes
Presentation Notes
Some details.


.

* xsin kx
Another example: I = jx2+a2 dc fork>0anda>0
( xsmkx 1% xe™ 1+ 2o
= ~dz
J-X +a l_"-xz ZCPZ +Cl
z°+a —( z—1ida (z+za)
tIm(z)
>
Re(z)

[= 27Z'i(RGS(Zp = ia)) _ ok
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Presenter Notes
Presentation Notes
Another example


Some details --

I xsmkx 15 xe™ 1 ¢ ze™
a2
oox +a’ 1Y X"+ 1 z°4+a
z* +a’ :( —za)(z+za)
| ze'™ | ze'™
—ﬁj) ——dz =2ri-lim| (z —ia)———
i Y 2P+ a’ | zia z* +a
1 ige™™ _
=27l — — e ™

I 2ia


Presenter Notes
Presentation Notes
More details.


From the Drude model of dielectric response --

2 o —ioT
@ e .
G(r)=—" | do———— where w,, @,, and y are positive constants
277 @y, —o" —iyw
Upper hemisphere:
,} Im(Z) 7= x4+ ly e—ia)r — e—ixr+yr

— Converges for 7 <0

e(z)

Lower hemisphere:
7/2 iot IXT—yT
2 z=x—-1y €  =e¢
Vo = 4| @p —— d
0 0
4 = Converges for 7 >0
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.

From the Drude model of dielectric response -- continued --

2 —ioT

)
G(r)=—= [ do——=
27 w,—w

5 where w,, @,, and y are positive constants

— iy

0 for 7 <0

G(7) = a)ﬁ Ve SINVT

for >0

€

Vo


Presenter Notes
Presentation Notes
Another example from the Drude model.
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