PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWEF in Olin 103

Notes for Lecture 38

Starting course review; revisiting
physics analyzed in accelerated
coordinate frames — Chap 2 F&W

. Angular acceleration
. Linear and angular acceleration

. Foucault pendulum
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36 Mon, 11/18/2024 Chap. 12 Viscous effects in hydrodynamics #29
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38 |Fri, 11/22/2024 |Chap. 1-13 |Review
39 Mon, 11/25/2024 |Chap. 1-13 |Review
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Julia Radtke
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®
Physical laws as described in non-inertial coordinate

systems

> Newton’s laws are formulated in an inertial frame of
reference { Ao}

» For some problems, it is convenient to transform the
the equations into a non-inertial coordinate system
{éi (t)} Note that in
a0 A addition to
3 e3 . .
rotation, linear
acceleration can

~0 ~ also contribute to
e, e, . .
non-inertial
e’ effects.

¢
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Presenter Notes
Presentation Notes
By “inertial” frame of reference, we mean a reference frame that is either stationary or is moving at constant velocity.  A non-inertial frame of reference is the opposite.


®
Comparison of analysis in “inertial frame” versus “non-

inertial frame”
Denote by €, an fixed coordinate system in 3 orthogonal directions

Denote by e, a moving coordinate system in 3 orthogonal directions

3 0 3 3 A~
(ﬁj :Zﬂé?:dezel +ZVldel
inertial i=1 dt i=l1 dt i=1 dt

dV 3. dv.. This represents the time rate
Define: (Ej = Z—edtl i of change of V measured
body i=1

within the e frame.
3 A

:(Cl’Vj :(de —I—Zl/ldel
dt inertial dt body =1 dt
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Presenter Notes
Presentation Notes
The first question is how analyze quantities such as a vector V in the two frames of reference.    The vector V may vary in time and its components 


e’ example

Z

V(t,)
V(t,)
y

X

0 dv(t 0
dv(y) _dV, (@), y()erdT/z(f)
dt dt dt dt

//

e example — same motion described in moving
coordinate system.
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®
Properties of the frame motion (rotation only):

A de =dQe.
dQ e, d
” Y Here dOQ=dO% de, :_dQey
=d_Q§( = de=dQ xe
dt de dQ .
— =X
dt dt
CTé:dQA @:(X)Xé
> & dt

Note that the coordinate e

1s pointing out of the screen.
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Presenter Notes
Presentation Notes
Here omega is a vector whose magnitude is the time rate of change of rotation of the coordinate frame and whose direction is pointing along the axis of rotation (in this case the x-axis.


®
Properties of the frame motion (rotation only):

e, +de

4é.
I~ ~ dé dQ A dé a
ds2 ar dr dt
Note that e_ is pointing out of the screen.
e L+ déy
el rotation
e .

Rotation about x-axis: g lmatnx

o ) (G rme ol )

(oot ontamn)e) (e SN
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Presenter Notes
Presentation Notes
Here we “derive”  the cross product relation using the expression for finite rotation and then expanding to infinitesimal angle dOmega.


More details

Rotation about x-axis:

e, (1 0)(e, e +de cos(dQ) s1n(dQ) e,
e.) L0 1)le e +de —sin ( dQ COS dQ)

de, cos(a’Q) sin (dQ) dQ

de, —sin(dQ) cos(dQ)- 0 eZ
e, +de, =cos(dQ)e, +sm(dQ

e, +de. =—sin(dQ)e, +cos(dQ)e,

Taylor's series

f(x,+dx)= f(x,)+dx Z’f

+....

X0

dzf
d 2
+2( x) dx?

X0

sin(dx) = a’x—%(a’x)3 .. @dx  cos(dx) = 1—%(dx)2.... ~ 1



Propertles of the frame motion (rotation only):

de—dOxe de_dLQ . de_ e
d dr i
+de

"dg
» 5

Rotation about x-axis:

de, 0 dQjfe, . . A
~ =dQey—dQe z=dQOxxe
de, -dQ 0 )le, g

Define axial vectors dQ = dQOx also ® = wx
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Presenter Notes
Presentation Notes
Summary of previous results.


Properties of the frame motion (rotation only) -- continued

(dV j (dV j 3. de.
_ — | = 4+ Vz i
dt inertial dt body i=1 dt

(ﬂj :(ﬁj +0)><V:((ij +(0><]V
dt inertial dt body dt body

Effects on 2"d time derivative -- acceleration (rotation only):

(i) o\ o
As -1 L] vexP| | +oxV
dt dt inertial dt body dt body

2 2
(d YJ =(d YJ +2wx(ﬂJ +d—me+(y)><(x)><V
dt inertial dt body dt body dt



Presenter Notes
Presentation Notes
Having established how to analyze the first time derivative, we apply the time derivative to the result in order to analyze the second time derivative (acceleration).


@\pplication of Newton'’s laws in a coordinate system which

has an angular velocity @ and linear acceleration a
(Here we generalize previous case to add linear acceleration a.)

Newton’s laws; Let r denote the position of particle of mass m:

d’r
m( 2 j — Fext
dt inertial

d’r d’r dr do
m| — =m|a+|—5 +20 x| — +—xr+oxoxr |=F_
dt ). o dt o dt ),,, dt
inertia ody oay

Rearranging to find the effective acceleration within the non-inertial frame --

dt dt

() t

Coriolis Centrifugal
force force

d’r dr do
m| —- =F,_ —-ma —2mox| — —M——XTI — MmO XOXY
dt body body


Presenter Notes
Presentation Notes
The highlighted terms are often called “fictitious” forces.


Have you ever experienced any of these “fictitious” forces?

Examples —

Playing on a swing

Playing on a merry-go-round
Riding on a roller coaster

Sitting on the surface of the earth

Astronaut aboard the International Space Station
?7?7?

Sl e



Motion on the surface of the Earth:

A
W= 2—” ~7.3x10°rad/s
T
F_ = GMz LT
" Earth’s gravit
J y Support
force

—w.t;:mll]n

Main contributions:

d’r GMm . dr do
m| — = r+F' —2mox| — —M—— XY —MOXOXT
earth earth

dt’ 2 dr dt

v
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Presenter Notes
Presentation Notes
Considering now our case, standing or sitting on the surface of the rotating earth (neglecting other details like orbiting the sun).   F’ is the support force meaning the floor on which we are standing/sitting and its support due to earth’s crust.


Non-inertial effects on effective gravitational “constant”

dt? 2 dt dt

d’r GM m, . dr do
m| — =— “r+F -2mox| — —M—XY — MO XOXTr
earth 4 earth
2
For (ﬁj =0 and d—f =0, A
dt earth dt h
ear C.:

O:—GM;mf'+F'—mu)><(oxr
v
F'=—-mg
GM, .
=g=——7FT—-OXOXI
r r=R,
(
- [— CZW; +®’R, sin’ 6’}1‘ +sin & cos Bw*R 0 Texiexy
1‘ 0.03 m/s?
9.80 m/s?
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Presenter Notes
Presentation Notes
Some details.


: : : dm
Note that in the previous analysis we left out the term —m—xr

dt

Is this justified?
1. Yes
2. No

According to Google — the rate of rotation of the earth has
changed during its existence....

https://www.discovermagazine.com/planet-earth/the-earths-
rotation-is-gradually-slowing-down

11/22/2024 PHY 711 Fall 2024 -- Lecture 38 15


https://www.discovermagazine.com/planet-earth/the-earths-rotation-is-gradually-slowing-down
https://www.discovermagazine.com/planet-earth/the-earths-rotation-is-gradually-slowing-down
https://www.discovermagazine.com/planet-earth/the-earths-rotation-is-gradually-slowing-down
https://www.discovermagazine.com/planet-earth/the-earths-rotation-is-gradually-slowing-down

Foucault pendulum http.//www.si.edu/Encyclopedia_Sl/nmah/pendulum.htm

-

The Foucault pendulum was displayed for many years in the Smithsonian's
National Museum of American History. It is named for the French physicist
Jean Foucault who first used it in 1851 to demonstrate the rotation of the earth.
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Presenter Notes
Presentation Notes
A very interesting example designed to show the effects of the earth’s rotation.

http://www.si.edu/Encyclopedia_SI/nmah/pendulum.htm

Equation of motion on Earth’s surface

d’r GM m . . dr do
m — = — : r+F —-2mox| — —M——XTr —MmMOX®XTr
dt earth dt earth dt

r

W~ —wSin X + wcos 6z
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Foucault pendulum continued — keeping leading terms:

2 RZ

e

2
m(drj - GM m f'+F'—2mmx(£j
earth earth

F'~ -Tsiny cosgx — T siny singy + 1 cosyz
O~ —@sin X + w cos bz

mx(fi—lt.j ~ (- ycos Ok +(xcos @+ zsin O)y — ysin 6z)
earth
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Presenter Notes
Presentation Notes
Analyzing the pendulum motion in the given geometry.


Some details --

W~ —@Ssin @X + wcos 0z

y X y Z
wx(—rj =|—wsmf 0 wcosl

dt earth . . .

X y z

mx(ﬁJ za)(—ycosﬁf(Jr(iccosHJrz'sinH)y—y'siné’i)
earth



Foucault pendulum continued — keeping leading terms:

2
m(drj ~ — GM m f'+F'—2mmx(£j
earth earth

dt’ R’ dt
mx = =1 siny cos@ + 2mwy cosd

TN

my =~ —1'siny sin@ — 2ma)(5ccosé’ + zsin 6?)

mz =T cosy —mg + 2mwysin @

rn

|

|

F

5
Further approximation : _l_

w<<l; z=0; T =mg

mx = —mg siny cos @ + 2mawy cos 6 —mgs
my = —mg siny sin ¢ — 2max cos 6
Also note that :

X = /siny cos ¢

y ~ /siny sin ¢ ¢ denotes the length of the rope/wire
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Presenter Notes
Presentation Notes
Simplifying the equations for the dominant terms.


Foucault pendulum continued — coupled equations:

. g , Az
X = —zx+2a)cos@/

j}z—%y—kocos@fc

Try to find a solution of the form:
x(t)=Xe ™ yt)=Ye ™

rn

Denote w, = wcosd

—q2+§ 20, q X—O
-2w.q —q*+E\Y

Non - trivial solutions :

_ 2.8
g, =atf=w o +%
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Presenter Notes
Presentation Notes
More details


Foucault pendulum continued — coupled equations:

Solution continued :

x(1)=Xe  y(t)=Ye™

—¢’+% R2wgq (X 0o
-2w.q —-q°+5\Y

Non - trivial solutions :

_ 2 g
qizoﬂ_r,8=a)Li\/a)L +

Amplitude relationship: X =iY

General solution with complex amplitudes Cand D:

x(t) = Re{iCe_i(“+ﬁ ! +iDe @ )t}
y(t) = Re{Ce_i(“+ﬂ ) 4 De7l@ s )t}

11/22/2024 PHY 711 Fall 2024 -- Lecture 38

rn

- mg?

¥


Presenter Notes
Presentation Notes
Solving the differential equations.


General solution with complex amplitudes C and D :
x(t) = Re{iCe‘i(“+ﬁ ! +iDe % F )t}
y(t) = Re{Ce_i((”ﬂ ! 4 De % F )t}

_ _ 2,8 g
Qi_aiﬂ=wﬁ—r\/a)¢ +o RO T

since @, ® 7x107 cos@ rad /s << \/%
Suppose:  x(0) =X, )=0
ote tha
x(t) =X, cos(\/%t)cos(a) 1) o ;,
© 243600 s
y@)=-X, cos(\/%t)sin(a) 1)

=7x10" rad/sec



Presenter Notes
Presentation Notes
More details and approximations.


®
Summary of approximate solution for Foucault pendulum:

Suppose:  x(0) =X, y(0)=0
x(t) =X, cos(\/%t)cos(a)j)
y(t)= - X, cos(\/%t)sin(a)lt)

n @ = @,co80

A=

—J'FIIIE'?
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Presenter Notes
Presentation Notes
Summary


Latitude

y (east) North

an L

z (up)

X (south) Equator

Microzoft llustration

@, = ®,cosd

x(t) =X, cos(\/%t)cos(a)g)
y(t)= - X, cos(\/%t)sin(a)g)
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Presenter Notes
Presentation Notes
It is interesting to estimate the effects in different parts of the globe.   Note that theta is defined for the polar angle, while if you look up your latitude you will find 90-theta.


Latitude and Longitude
https://www.latlong.net/

| atitude and Longitude Finder

Latitude and Longitude are the units that represent the coordinates at geographic coordinate system. To make a

search, use the name of a place, city, state, or address, or click the location on the map to find lat long

coordinates.

Place Mame

Winston-Salem, NC, USA

Add the country code for better results. Ex: London, UK

Latitude Longitude

36.096260 -80.243736

Note that 0=90° - Latitude
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https://www.latlong.net/
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