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We examine the one-dimensional Hubbard model and derive expressions for the chemical potential
and momentum distribution in the limit of strong electron-electron interactions to first order in
perturbation theory. By showing that the perturbation matrix is stochastic, the chemical potential
is found to depend only on the model parameters and not on the system size, consistent with the
well-known result in the thermodynamic limit. The momentum distribution for electrons of a given
spin is found to depend only on the fraction of electrons with that spin.

I. INTRODUCTION

The Hubbard model1,2 represents the electronic prop-
erties of molecules and solids in the form of both electron-
lattice and electron-electron interaction terms. The com-
petition between these two terms is vital to the under-
standing of many properties of materials. For example,
in the early days of quantum theory it was discovered
that the insulating behavior of some solids, like the tran-
sition metal oxide NiO, could not be explained by in-
dependent electron theories alone.3,4 Although the Hub-
bard model oversimplifies these effects by including only
nearest-neighbor tight-binding terms and including only
electron-electron interactions in the same non-degenerate
orbital state, it has enjoyed some success in representing
narrow band solids and Mott insulators.

In second quantization, the Hubbard Hamiltonian is1,2

H(t, U) = K(t) + V (U)

= −t
∑

〈i,j〉,σ
c†iσcjσ + U

∑

i

ni↑ni↓ (1)

where c†iσ (ciσ) creates (annihilates) an electron with spin
σ in the Wannier state localized at site i, niσ = c†iσciσ
is the number operator, t is the energy associated with
an electron hopping between adjacent sites, U is the on-
site Coulomb repulsion energy, and the notation 〈i, j〉
restricts the sum to over nearest neighbor sites only. We
are interested in a one-dimensional lattice consisting of
N electrons and Ns lattice sites. Periodic boundary con-
ditions are imposed, giving every site exactly two nearest
neighbors.

Much attention has been given to this model in the
thermodynamic limit. Using a form of the Bethe ansatz
for fermions,5 Lieb and Wu found an exact expression
for the ground state energy as a function of U and found
that no Mott transition occurs for U > 0.6 The spectrum
of low excited sites has been calculated for both a half-
filled band7 and arbitrary filling,8,9 as has the magnetic
susceptibility.10 This list is by no means comprehensive.

Finite size systems have also been studied for a variety
of small systems, with special emphasis being placed on
the case where N = Ns = 6 (e.g. the π electron system in
a benzene molecule).11,12 Our interest lies in the ground
state properties of these systems in the limit of strong

intrasite repulsion (U À t). These systems have been
studied for arbitrary filling,13 leading to upper and lower
bounds on the ground state energy.14,15 For our present
work, we only consider the half-filled case

N

Ns
= 1. (2)

In this case, the ground state favors magnetic moments
at each site due to the vanishing probability of doubly
occupied sites and, in the thermodynamic limit, has been
shown to be an insulator.6

We calculate the chemical potential for finite systems
of arbitrary size at zero temperature to first order in
perturbation theory. Results indicate that for a certain
class of systems, which are defined in the next section,
the chemical potential of the ground state with strong
electron-electron interactions is independent of the size
of the chain. In addition, we calculate the momentum
distribution and find that it only depends upon the frac-
tion of each spin type. Plots of both quantities as a func-
tion of U are given for some small systems to illustrate
these behaviors. Numerical results shown in this paper
were obtained by exact diagonalization methods.

II. CHEMICAL POTENTIAL

In their study of the Hubbard model in the thermo-
dynamic limit, Lieb and Wu defined two chemical po-
tentials corresponding to either the addition (µ+) or re-
moval (µ−) of an electron to the ground state. For a
fixed number of sites, the chemical potentials (known as
the electron affinity and electron ionization potentials,
respectively) are defined as6

µ+ = ε(M + 1, U)− ε(M,U) (3)
µ− = ε(M,U)− ε(M − 1, U), (4)

where ε(M,U) is the ground state energy associated with
M electrons with intrasite repulsion U. For notational
convenience, the dependence of the energy on Nσ (the
total number of electrons with spin σ) has not been ex-
plicitly written. While Eqs. (3) and (4) are valid for an
arbitrary number of electrons, Lieb and Wu also showed
that for the half-filled case, where M = N from Eq. (2),
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FIG. 1: Plot of the chemical potentials µ+ and µ− as a func-
tion of U/t for Ns = 6 and Nσ = 3. As U/t increases, these
potentials asymptotically approach the dotted lines.

the chemical potentials are related at all U by

µ+ = U − µ−. (5)

It is important to note that for a finite system with peri-
odic boundary conditions, the relation given in Eq. (5) is
only true if Ns (and therefore, N ) is even. In that case, it
has been shown that the ground state has spin Sz = 0,16
which implies that

Nσ =
N

2
, σ =↑, ↓ (6)

where
∑

σ Nσ = N . The spin symmetry described in
Eq. (6) makes the spin of the electron being added or
removed in Eq. (3) and (4) arbitrary.

In order to study the behavior of µ+ and µ− at large U
we treat the tight-binding term K(t) as a perturbation.
For a system of M electrons, the ground state energy of
the unperturbed Hamiltonian V (U) is known

V (U)|α(0)(M)〉 = ε(0)α (M)|α(0)(M)〉, (7)

and d -fold degenerate

ε
(0)
1 (M) = . . . = ε

(0)
d (M) ≡ ε(0)(M). (8)

As long as M ≤ Ns, the unperturbed ground state en-
ergy is necessarily zero, ε(0)(M) = 0, and the level of
degeneracy is

d =
Ns!

(Ns −M)!M↑!M↓!
. (9)

The first order correction to the ground state energy
can be found by diagonalizing the tight-binding Hamilto-
nian K(t) with respect to the unperturbed ground states
|α(0)(M)〉 and |β(0)(M)〉
〈α(0)(M)|K(t)|β(0)(M)〉 (10)

= −2t〈α(0)(M)|K(− 1
2 )|β(0)(M)〉.

If M = N , K(t)|β(0)(N)〉 only contains terms with ex-
actly one doubly occupied site, so

〈α(0)(N)|K(t)|β(0)(N)〉 = 0. (11)

Therefore, the first order correction is also d -fold degen-
erate and zero, independent of our choice of Nσ. Assum-
ing that Nσ satisfies Eq. (6) we conclude to first order in
perturbation theory that

lim
U→∞

ε(N,U) = 0. (12)

We now must find the first order correction for a sys-
tem of N − 1 electrons. Due to the degeneracy of the
unperturbed ground state, the states described in Eq.
(7) are not uniquely defined; any linear combination of
these unperturbed states will produce a new state with
the same energy. Therefore, we are given some control
and choose as our unperturbed N − 1 electron states

|α(0)(N − 1)〉 =


∏

i 6=j

′
c†i,σi


 |0〉 with

∑

i

σi =
h̄

2
, (13)

where the index α denotes one possible choice of site
index j and spin configuration. The notation

∏′ means
that the product is only over the variable i, with i 6= j.
The number of degenerate states is given by Eq. (9). We
have chosen the spin of the removed electron to be −h̄/2
which is reflected in the spin constraint in Eq. (13). The
result does not depend on this choice.

The correction energy is simply the smallest eigenvalue
of the matrix defined in Eq. (11), which can be found by
using the largest eigenvalue of the dimensionless matrix
K(− 1

2 ). Since every site has exactly two nearest neigh-
bors, and each of our unperturbed states have only one
vacant site for an electron to move to, each row and col-
umn of K(− 1

2 ) has only two nonzero elements which, for
N > 2, are either ± 1

2 . Furthermore, since N − 1 is odd,
it is easy to show that

〈α(0)(N − 1)|K(− 1
2 )|β(0)(N − 1)〉 ≥ 0, (14)

which forces the nonzero elements to be 1
2 . Therefore,

the sum of the elements in every row or column is 1
∑
α

〈α(0)(N − 1)|K(− 1
2 )|β(0)(N − 1)〉 = 1 (15)

and
∑

β

〈α(0)(N − 1)|K(− 1
2 )|β(0)(N − 1)〉 = 1. (16)

Matrices that satisfy Eq. (14) and either Eqs. (15) or
(16) are well studied and are known as stochastic (since
K(− 1

2 ) satisfies both, it is doubly stochastic). These ma-
trices describe the transitions of a Markov chain; their el-
ements are the transition probabilities that a system will
jump from one state to another. Eqs. (15) or (16) state
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that the total probability of transition is unity. By identi-
fying that the first order correction matrix is stochastic,
we are able to make use of a very important property
of all such matrices: their maximum eigenvalue is 1.17
Therefore, to first order in perturbation theory

lim
U→∞

ε(N − 1, U) = −2t, (17)

so that

lim
U→∞

µ+ = U − 2t (18)

lim
U→∞

µ− = 2t. (19)

The energy gap between these potentials is simply

lim
U→∞

(µ+ − µ−) = U − 4t. (20)

Therefore, as U increases, µ+ and µ− tend toward values
which are independent of Ns. The asymptotic behavior
of these potentials is shown in Figure 1 for N = 6. A
similar behavior has been seen in other systems.

In the thermodynamic limit, µ− was found to be6

µ− = 2t− 4t
∫ ∞

0

J1(ω)dω
ω

[
1 + exp

(
ωU
2t

)] , (21)

where J1 is a first order Bessel function of the first kind.
As U →∞, the second term in Eq. (21) vanishes and we
are left with the same result as Eq. (19).

III. MOMENTUM DISTRIBUTION

In this section we again consider U À t and assume the
half-filling condition described in Eq. (2), thoughNs need
not be even. No condition is placed on the spin number
operator Nσ. We are interested in finding the momentum
distribution of the lowest energy state with respect to a
given spin configuration, |ψ〉. The expectation value of
the tight-binding portion of the Hubbard Hamiltonian is
given by

〈ψ|K(t)|ψ〉 = −2t
∑

kσ

cos (ka) ñkσ (22)

where a is the lattice constant and ñkσ is the momentum
distribution

ñkσ = 〈ψ|c̃†kσ c̃kσ|ψ〉, (23)

which counts the number of electrons with spin σ and
momentum k. Taking the Fourier transform

c̃kσ =
1√
Ns

∑

j

eikjacjσ (24)

yields an expression for ñkσ in the site-spin representa-
tion

ñkσ =
1
Ns

∑

j`

eika(j−`)γjσ
`σ , (25)
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FIG. 2: Plot of the spin-independent momentum distribution
ñk as a function of U/t for Ns = 6 and Nσ = 3. As U/t
increases in strength, the occupancy of each k-value asymp-
totically approaches 1 (dotted line).

where j is an integer and we introduced the one-particle
reduced density matrix

γjσ
`σ = 〈ψ|c†jσc`σ|ψ〉. (26)

For periodic boundary conditions, ka takes discrete val-
ues indexed by ν

ka =
2πν
Ns

, ν = 0, 1, ..., Ns − 1. (27)

Using the Hermiticity and trace of γ
∑

i

γiσ
iσ = Nσ, (28)

ñkσ can be rewritten as

ñkσ =
1
Ns





∑

j 6=`

cos
(

2πν(j − `)
Ns

)
γjσ

`σ +Nσ



 . (29)

When U = 0, the occupancy of each allowed k-value
can be trivially found by minimizing Eq. (22) with re-
spect to ñkσ. We are interested in the nature of this
distribution when U À t. In this limit, the expectation
of any site to be doubly occupied vanishes, so the lowest
energy state has only one electron per site. This, along
with the translational symmetry of our chain, means that

lim
U→∞

γiσ
jσ =

Nσ

Ns
δi,j (30)

which forces Eq. (29) to become k-independent

lim
U→∞

ñkσ =
Nσ

Ns
, ∀ k. (31)

Therefore, in the case of strong coupling, the momentum
distribution becomes uniform. In Figure 2, the momen-
tum distribution is plotted as a function of U for a spin
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FIG. 3: Plots of the momentum distribution (top) ñk↑ and
(bottom) ñk↓ for Ns = 7 with N↑ = 4 and N↓ = 3. As U/t
increases, ñkσ approaches Nσ/Ns (dotted line).

symmetric ground state with N = 6. Due to the spin
symmetry, ñk↑ = ñk↓, so the spin-independent momen-

tum distribution ñk =
∑

σ ñkσ is shown instead. How-
ever, unlike the results for the chemical potential, Eq.
(31) is true for the lowest energy state of any half-filled
system characterized by a given spin configuration Nσ.
Figure 3 shows an example with N = 7, N↑ = 4 and
N↓ = 3. These results are consistent with previous work
done on the spin independent momentum distribution of
the ground state at large U.18

IV. SUMMARY

The chemical potential and momentum distribution of
the ground state of a half-filled Hubbard chain were cal-
culated in the limit of strong electron-electron interac-
tions. We showed that these properties exhibit asymp-
totic behavior in this limit, independent of the size of the
system. Results were found by treating the hopping term
as a perturbation, with calculations taken to first order.

The electron affinity and ionization potentials were
found to approach values independent of the size of the
system. A maximal energy gap between these potentials
was found to be U − 4t. These finite size results agree
with work done by Lieb and Wu in the thermodynamic
limit. Likewise, the momentum distribution was found
to exhibit asymptotic behavior independent of the sys-
tem size, though it is dependent upon the fraction of
each spin type. Plots of both the chemical potentials as
well as the momentum distribution were given for several
small systems as a function of U/t.
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