PHY 712 Electrodynamics
10-10:50 AM MWF in Olin 103

Notes for Lecture 10:

Reading Chapter 4 in JDJ — Sec. 4.1-4.4
Dipolar fields and dielectrics

A. Electric field due to a dipole
B. Electric polarization P

C. Electric displacement D and
dielectric functions
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Course schedule for Spring 2025

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW, Due date
1 Mon: 01/13/2025 |Chap. 1 & Appen. (Introduction, units and Poisson equation #1 101/15/2025
2 \Wed: 01/15/2025 Chap. 1 Electrostatic energy calculations #2 101/17/2025
3 |Fri: 01/17/2025 |Chap. 1 Electrostatic energy calculations #3 01/22/2025
Mon: 01/20/2025 |No Class Martin Luther King Jr. Holiday

4 Wed: 01/22/2025 |Chap. 1 Electrostatic potentials and fields #4 101/24/2025
9 |Fri: 01/24/2025 |Chap. 1-3 Poisson's equation in multiple dimensions

6 Mon: 01/27/2025 |Chap.1-3 Brief introduction to numerical methods #5 101/29/2025
7 Wed: 01/29/2025 |Chap.2 & 3 Image charge constructions #6 101/31/2025
8 |Fri: 01/31/2025 |Chap.2 & 3 Poisson equation in cylindrical geometries #7 102/03/2025
9 Mon: 02/03/2025 |Chap. 3 & 4 Spherical geometry and multipole moments #8 02/05/2025
10 |Wed: 02/05/2025 |Chap. 4 Dipoles and Dielectrics #9 102/07/2025

02/05/2025
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PHY 712 -- Assignment #9

Assigned: 2/5/2025 Due: 2/7/2025
Continue reading Chapter 4 in Jackson .
1. Consider the localized charge given by
p(r,0)=pq r exp(-ar) cos(6)

where pp and a are positive constants. Find the electrostatic potential produced by this charge distribution. Examine
your result in the limit r — 0 and also in the limit r — < in terms of multipole moments and other interesting features.
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- ’l'h d -
Physics 4 PM in Olin 101
February 6,
2025

Colloquium

Advancing Optical Manipulation and
Measurement at the Nanoscale

Light-matter interactions form the cornerstone of
modern physics, from quantum mechanics to
biophysics and condensed matter systems. In this
talk, I will present novel optical technologies for
versatile manipulation of nanomaterials and
advanced characterization with high
spatiotemporal resolution. First, [ developed
optothermal manipulation techniques to overcome
the limitations of Nobel-physics-prize-winning
optical tweezers. Specifically, opto-refrigerative
tweezers exploit laser cooling and thermophoresis to

mitigate common optlcal heating d{images, enabling Dr. Jingang Li
non-invasive analysis of cells and biomolecules. Then, ) ) ) )
extending from fluid environments, I pioneered University of California
optical manipulation at solid surfaces, enabling Berkeley

optical assembly and nanomotors for next-
generation lab-on-a-chip systems. Apart from those,
[ will show the implementation of an ultrafast optical
nanoscopy by integrating pump-probe optics with
near-field imaging. This platform reveals intriguing
carrier dynamics and energy transport in various
functional materials with nanoscale heterogeneity.
Along the way, I will highlight the potential of

these optical innovations to enable new fundamental

Reception 3:30

insights into quantum systems and non-equilibrium Olin Lobby
physical phenomena and to provide solutions to
cutting-edge sensing and measurement tools. Collogquium 4:00

02/05/2025 PHY 712 Spring 2025 -- Lecture 10



Review: General results for a multipole analysis of the
electrostatic potential due to an isolated charge distribution:

General form of electrostatic potential with boundary value ®(» — o) =0
for confined charge density p(r):

J‘dsr. p(l")

CD(r): |r—r'|

47280

\ 4 1 .
472'8 jd3r '0 )(Z 2 +17 l+1 Y;m (Q,Q)Ylm (9 P ))

Im

Suppose that p Z ,01

= O(r)= 12 : Y, (9,(0)(%]‘0r'z”dr'plm(r')—l—rl_“:or'lldr'plm(r')j

g5 20 +1 "

1 1 | R '
For r > CD(r):g Zzl_l_lY,m(Q,go)rmjo > dr p, ()
0 \ J

|

qlm



Comment --

Acts like a projection

o (r) - jaﬁr' p(r') operator
dre, |r—r'
1 ; 4 1!
' < Y
"4z, jdrp( ) ,Zm:21+1 Y (09
Suppose that p Z sz 9' ')
1 1 1 o : © Wl g ,
:>(D(r):8—0%:2]+1)’,m(9,g0)(FJ Pt (r)+ 7 [P drip (7 )j

Why? -- Recall that
Jday, (0291, (029)=0

[A,mu
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The the multipole analysis has the following general behavior
for r=>infinity:

For r outside the extent of p(r):

o(r) = 1 Z 47 Zmr(liﬁﬂ)qur. !y (9.@.),0(1,.))

Are, i 20 +1

] 4rq, Y (0, = [7 2+ gy '
TR0 e
0 Im

In terms of Cartesian expansion . monopole: ¢ = Jd3r' p(r')

dipole: = [a&*r v'p(r)
ofr) - (q pr j p= o
4re,

lJ

Here q, p;, and Q; are linearly proportional to the q,
multipole values.

quadrupole : O, = J-d3r' (3r'l.r'j—r'2 é’l.j)p(r')



The multipole analysis also can be used to analyze the
the electrostatic fields for r>0 as needed in the following
example involving a very localized charge density p(r) in
a electrostatic field ®(r) (such as a nucleus in the field
produced by electrons in an atom).

charge density

within nucleus electrostatic potential

due to electrons near
W= _[d3’” p(r)(r)  the nucleus.




The following results were mentioned on Monday and are
presented here with greater detail.

2
p(r)= 1 3 (ij e”“sin’ @
a

64

Note that : 1/4?”}’2()((9,(15):30%2 «9—% :l—gsin2 0

2

2 2 |4rx 2 |4rx 2 |4rx
n9=2-2 ¥y (0.9)=2 7, 0.9)-2 |77, 0.9)

3
:p(l‘) /000( ) ( ; ))"'pzo( ) 20(‘9»¢)

D(r) = Dy (o (6, 8)+ Dy (7)Y (0. )

4 P2 g plm( )_|_ rlfo " dV'PZm (r')j
2
Poo (r ) =4z

P = 47:50 20+1
2
-rla 2 472- q (rj -rla
— | e V)=—— — | e
3 647za[j Pa(r) 3\ 5 64’ \a




Writing out the details of the potential from evaluating integrals
q -rla 3 2 7"3
D, NaAr =|1- 1+
o(r)= 47ng [ ) ( dba  dd 244 D

2 2 3 4 5
D, (r)=- 6 ‘/472 e 5 [ L OO A I R, A
dre, VS 1 a 2a° 6a’ 24a” 144a

For r — oo; 1n terms for Legendre polynomials:

®(r)—— (1—6LP (cosé’)] Y, (0,4) =

41e, 7

21 +1

4

B(cosb)

For r — 0;1n terms for Legendre polynomials :

00) > | 4 Pleost)

4, \ 4a 120a




More details continued --

For r — 0;1n terms for Legendre polynomials :

o) > [1 —’”2 e<cose>j

4re,\ 4a 1204’

Implications for electric quadrupole interaction :

azq) P :i 29_L21 32_2
W — Z 0, a,,@r 3 ) (cos@) =2cos ! 2r2(z r)

For » — 0;1n terms of Cartesian coordinates

q 1 2z —x"—y°
CI)(r) — N 3
dre, \ 4a 240a

o’®(0) _o’®(0)  18°®(0) ¢ 1
ox* ot 2 8% 4me, 1204°




Example of multipole distribution continued --

Electric quadrupole interaction:

0" (0 0°D (0 0°D (0 0°D (0
:_Z ] arar)_l(Qxx ( )-I-ny ( )+Q ( )j

i,] 6 axz 1 ayz 1 zz 622
For symmetric nuclei, Q_=Qq= —0. =30,
W ~ — ¢ 0 Here q stands for the elementary charge

dns, 240’  9=6=1.602176634x10-'°C

This result is discussed in Jackson’s problem #4.7. In that
example Q is approximately 10-28 m? as a result of the

internal structure of the nucleus. (Also discussed in Sec.
4.2 of JDJ.)



Summary -- Notion of multipole moment:

In the spherical harmonic representation - -

define the moment g, of the (confined) charge distribution p(r):
jd3 ' vl ),0(1' )

In the Cartesian representation - -

define the monopole moment g :
= [d'r' pr')
define the dipole moment p :
p= [dr'v p(r')

define the quadrupole moment components Q,; (i,j — x,y,z)

O = J‘d3r' (3r'l. r'j—r'z o, )p(r')



General form of electrostatic potential in terms of
multipole moments:

For r outside the extent of ,0(

ofe) = L5 A7 Lul00Nj oy, (o)l

dre, “m 21+1

1 Z 4z QIm Im (9’¢)

4re, 4= 20+1 7'

In terms of Cartesian expansion ;

(r) = I Eq p ) ]

4re,



Focus on dipolar contributions:

For r outside the extent of p(r):

Electrostatic potential:

o0 (e

dre, \ r

Electrostatic field:

5

(1) 1 (3r (p-r)—rzp_4372p53(r)]

- 47e, r
2 2

Poorly defined for r — 0

Correct value forr = 0
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“Justification™ of surprising d-function term in dipole electric
field -- Assuming dipole is located at r=0, we need to need to
evaluate the electrostatic field near r=0:

We will use the approximation:

E(r ~0) ~ ( [ E(r)d3r)53 )
sphere
First we note that:

3., p2 ~
LRE(r)d r=—R LRCD(r)rdQ.



Some details -- amplifying discussion in JDJ:
j _EMdr=-R*|  ®(r)idQ.
This result follows from the divergence theorem:

VVdr={ VdA
vol S

urface

In our case, this theorem can be used for each cartesian coordinate

if we choose V' = xd(r) for the x component, etc.

LSR VCD(r)d3r - &jrSR V- (f(CD)d3r * y.[rszz V- ()AICD)aﬁr * 2.‘;312 V- (iCD)d3r,
which 1s equal to:

[ PORAQ(G-Dx+F D+ P)2) = [ OORIOF

Therefore --

LSR E(r)d’r = _LR VO(r)d’r =—R’ L:R O(r)rdQ.



More details

3., p2 ~
LRE(r)d r=-R jr:R®(r)rdQ.

Now, we notice that the electrostatic potential can be determined

from the charge density p(r) according to:
l

D(r) = — [aF pir) _ 1 D 4”] rp(r)r“ Y ($)Y, ().

4re, ir—r | 4re, 5 20+1

We also note that the unit vector can be written in terms of spherical harmonic functions:
(sin(@) cos(@)X + sin() sin(@)y + cos(8)2

E (Y (F) "Ey +Y,(F) "‘Ey " Ym(f’)ij

I 1 ! ' r< 47[ Ay X+ZA Ay _&"‘ZA AN A
IrzRq)(r)rdﬂ B 3¢ jd3r P _(YH ) ! +1,(r) Y + Y, (r )Zj
0

>

-
[l

"

1 r
=——\d’r' p(r)=r1'
380j p(r)=

>



More details continued --

When we evaluate the integral over solid angle €2, only the

[ =1 terms contribute, and the result of the integration reduces to:

1 4zR’ Y
r p(r
drre, 3 j [ ) v

~R’ j _ D(r)EdQ = -

The choice of 7. and 7, 1s a choice between the integration variables
r' and the sphere radius R. If the sphere encloses the charge distribution,
p"), thenr. =r' and . = R so that the result 1s:
1 4zR* 1 o
d’r p(r )rt'=———.
dre, 3 R’ j pr) 3¢&,
Otherwise, 1f the charge distribution p(r') lies outside of the sphere, then

P

~R’ j _ D(r)EdQ = -

r.=Randr, =r'and the result is:

2 ' 3
1 4xR RJ‘d3r' p(r)f'z47rR

2 - —_
R L:R(I)(r)rdﬂ = - .

41e,



In summary --

Electrostatic dipolar field for dipole moment p at r=0:

E(r)- ! (31‘ (p-l‘)—rzp_47zp53(r)]

- d7e, 7 3



Summary of key argument:
z 3

j d’r E@r, +1) = E(r,)

(Mean value theorem for Laplace equation)

3
1 E(r)~— j d’r E(r, +r)
y r<R
x SR 0 ) [ 2 T
A7R°\  3e, 3¢,

Summary:

E(r) =] [31' (p-r)—r2p_47rp53(r)]

- dre, r 3




Coarse grain representation of macroscopic distribution
of dipoles:

Electric polarization P (r) due to collection of dipoles :
P(r)=Ypo* (r-r)
Monopole electric charge density p, . (r):

Prono () = Zqﬁ (r-r)

Electrostatic potential for a single monopole charge g

and a single dipole p :
CD(I') = I (g-l—p;rj
dre,\r 1



Coarse grain representation of macroscopic distribution
of dipoles -- continued:

Electrostatic potential for a single monopole charge ¢

and a single dipole p :
I (g pr
0 — 1
(r) 472'80(1’ T 7’ j
Electrostatic potential for collections of monopole charges g,
and dipoles p, :
(D(l') — 1 J.Clﬂ?"pmmw(r)-I—J‘Clﬂ?"P(r).(r;r)
4re, ‘r —r" ‘r —r"
P(r')-(r-r') 1 V. P(r'")
Note: |d°r' =|d’r' P(r')- V' =—\d’r'
o j ' ‘r—r"3 J‘ ' (r) ‘r—r" j ' ‘r—r"



Coarse grain representation of macroscopic distribution
of dipoles -- continued:

Electrostatic potential for collections of monopole charges ¢,

and dipoles p; :

(D d3 ' mono d3 ' '
(r) dre, U ‘r r‘ j ‘r r‘ j

V() =V B(r) = ()~ VP (1)

= V- (&E(r)+P(r)) = 0,0, (r)
Define Displacement field: D(r)=¢E(r)+P(r)
)=

Pono (F)

Macroscopic form of Gauss's law: V- D(r



Coarse grain representation of macroscopic distribution
of dipoles -- continued:

Many materials are polarizable and produce a polarization field in the
presence of an electric field with a proportionality constant y. :

P(r)=¢,x.E(r)

D(r)=¢gE(r)+P(r)=¢,(1+ 7, )E(r) = ¢E(r)

g represents the dielectric function of the material

Boundary value problems in dielectric materials
FOI 9,505, () = 0
V-D(r)=0 and VxE(r)=0
= At a surface between two dielectrics, in terms of surface normalr :

t-D(r)= continuous = FxE(r)



Boundary value problems in the presence of dielectrics
— example:

For isotropic dielectrics:
D, =D,, ¢k, =&k

— 1t __ 2t
Elt o E2t T
81 82




Boundary value problems in the presence of dielectrics
— example:

\AAAAS

>Z

V-D(r):O and VxE(r):O Atr=a: g@CD<(r):gO(’9CD>(r)

Forr<a D(r) = —gVCD(r) or or

oD (r) O0D_|(r
Forr>a D(r):—e‘oVCD(l') a}} ): 6?9})




Boundary value problems in the presence of dielectrics
— example -- continued:

« Atr=a: 58®<(r):50 8(D>(r)

(D<( ): ZAIVZB(COS 9) or or
o (r) 00, (r)
(D>(l‘)= Z(Bzrl +%)B(COS 9) 06 06
- ' For r >0 ®@_(r)=—Ercosf

Solution - - only / =1 contributes
B =-FE,

4=--—2 g c |8 g
2+¢/¢g, 2+¢/g,




Boundary value problems in the presence of dielectrics
— example -- continued:

CD<(r):—( > jEOrCOSH

2+¢/¢g,

_ 3
O (r)=— r— £/& 1 a2 E, cosd
2+¢elg, )1

A
0_\
_1_
~
T -2 €le=
%.\ ]
$
| 2 1
-4 ' | ' ' ' !
0 1 2 3

r/a —>
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