PHY 712 Electrodynamics
10-10:50 AM MWF in Olin 103

Plan for Lecture 14:
Finish reading Chapter 5 (Sec. 5.8-5.12)

1. Recap of hyperfine interaction

2. Macroscopic magnetization density M
3. H field and its relation to B
4

Magnetic boundary values
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Course schedule for Spring 2025

(Preliminary schedule -- subject to frequent adjustment.)

02/15/2025

PHY 712 Spring 2025 -- Lecture 14

Lecture date JDJ Reading Topic HW Due date
1 |Mon: 01/13/2025 |Chap. 1 & Appen. |Introduction, units and Poisson equation #1 101/15/2025
2 Wed: 01/15/2025 |Chap. 1 Electrostatic energy calculations #2 01/17/2025
3 ||Fri: 01/17/2025 Chap. 1 Electrostatic energy calculations #3 101/22/2025
Mon: 01/20/2025 |No Class Martin Luther King Jr. Holiday

4 |Wed: 01/22/2025 |Chap. 1 Electrostatic potentials and fields #4 101/24/2025
9 Fri: 01/24/2025 Chap.1-3 Poisson's equation in multiple dimensions

|6 Mon: 01/27/2025 |Chap. 1-3 Brief introduction to numerical methods #5 101/29/2025
7 |Wed: 01/29/2025 |Chap.2 & 3 Image charge constructions #6 (01/31/2025
8 Fri: 01/31/2025 Chap.2&3 Poisson equation in cylindrical geometries #7 102/03/2025
|9 Mon: 02/03/2025 |Chap. 3 & 4 Spherical geometry and multipole moments #8 |02/05/2025
10 Wed: 02/05/2025 |Chap. 4 Dipoles and Dielectrics #9 102/07/2025
11 |Fri: 02/07/2025 Chap. 4 Dipoles and Dielectrics #10(02/10/2025
12 Mon: 02/10/2025 |Chap. 5 Magnetostatics #1102/12/2025
13 |Wed: 02/12/2025 |Chap. 5 Magnetic dipoles and hyperfine interactions #12102/14/2025
14 |Fri: 02/14/2025 Chap. 5 Magnetic materials and boundary value problems [#13(02/17/2025
15 |Mon: 02/17/2025 |Chap. 6 Maxwell's Equations




PHY 712 -- Assignment #13

Assigned: 2/14/2025 Due: 2/17/2025
Complete reading Chapter 5 in Jackson .

1. In the lecture notes, we derived the H and B fields due to a uniform sphere of radius a which has a
uniform magnetization density Mg oriented along the z-axis. For these fields, show that:

a. At the surface of the sphere (r=a), the normal component of the B field is continuous.
b. At the surface of the sphere (r=a), the tangential component of the H field is continuous.

Mgz r<a

0 r>a

My M(r) ={
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Summary of hyperfine interaction form:

Interactions between magnetic dipoles
Sources of magnetic dipoles and other sources of
magnetism in an atom:
* Intrinsic magnetic moment of a nucleus 4y,
* Intrinsic magnetic moment of an electron (i,
» Magnetic field due to electron orbital current J (r)
Interaction energy between a magnetic dipole m and a

magneticfieldB: F —_m-B .r/vﬂe
int
Hy
In this case: E,, =—uy-B, —u,-B; (0)

3r(n -1 —
Ho | (i, 3) ll€+8—7Tu 5 (r) ¢
4 v R

. J

B, (r)=




Hyperfine interaction energy: -- continued

Here we assume that
By =~ Hy °Bﬂe ~ Hy °BJe (0) nuclear position is r=0.

Evaluation of the magnetic field at the nucleus due to the
electron current density:

The vector potential associated with an electron in a
bound state of an atom as described by a quantum
mechanical wavefunction v,,, (r)can be written:

;12

eh : i X l', ‘Wnlml (r )‘

AJ(r):—’uO mlj.aﬂr —
e 47 m, lr—r | »“sin” @

We want to evaluate the magnetic field B =V x A

in the vicinity of the nucleus (r — 0).



Hyperfine interaction energy: -- continued

B, (0)=VxA, __t e, [a*vx

l ¢lr—0 4 m,

, 12
2)(]" ‘Wnlm,(r )‘

r—r | r°sin* @
| |

, 12 r—0
h ' l‘—l" X ixr, l//nml(r)
Bo(r)_ﬂe—mljd3r ( ) ('3 )‘ '21. 2 ‘
47 m, r—r | r-sin” 6
r—0
eh T X(ZXT l//nml( )
BO(O)__ﬂ_mljd3 ( )‘ L ‘
rsin® @
r x(Zxr)=2Z(1-cos*0)—Xcosé sin@ cos¢ —ycosO sind sing ).
;12
W im, (T) W i, ()
BO(O)—_&ﬁmzjaﬂ  Zr stn¢9 11 ‘ My ehmZJ‘aﬁ 1,,3 ‘
r2sin® @ 47 m, r
Note that thls field at the nucleus site is
. :  H,en )1
due to the electronic orbital angular __E—ml z< '3>
me r

momentum with quantum number m,.
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Hyperfine interaction energy: -- continued

Ly =Hyp =—py-B, —py-By (0)

int

Putting all of the terms together:

H, =— (<3(uN r)(ue;‘) Py, 87 D ue53(r)> <L§1N>)
4r m

r 3 r

e

In this expression the brackets ( )indicate evaluating
the expectation value relative to the electronic state.



Macroscopic dipolar effects --
Magnetic dipole moment

m:%jaﬁrrxJ(r)

Note that the intrinsic spin of elementary particles is
associated with a magnetic dipole moment, but we often
do not have a detailed knowledge of its J(r).

Vector potential for magnetic dipole moment

A( )_ Hy MXY  valid outside the
Ir)= 472_ ‘3 extent of J(r)

Note u,=4n10-" mT/A (units of meters Tesla/Amperes

r




Macroscopic magnetization

M(r)= Zmi53(r—ri)

Vector potential due to “free” current J;,(r) and
macroscopic magnetization M(r). Note: the designation
Jsee(r) implies that this current does not also contribute
to the magnetization density. m; may include
contributions from “bound” currents as well as from
Intrinsic spins.

M v
A(r)—ﬁj‘aﬂr




Vector potential contributions from macroscopic
magnetization -- continued

Alr)=to jd3r'[Jfree<r'>+M(r'>x<rr')]

3

4r ‘r - ‘r —r'
Note that :
M(r')x (r3—r') M v
‘r—f h—r
—_V'% M(r') N V'xM(r’')
r-r r—r'
= Ar)=22 I d’r T oo (1) + VM(r)
4r

rr



Vector potential contributions from macroscopic
magnetization -- continued

/ ,M ,
Alr)= £ [y L) VM)

Note that for the case that V-A =0
V x B(r) =V x (V X A(r)) = —VZA(r)

“0 j &*r (478 (r = )\J .. (") + VxM(r"))

_IUO(Jfree( ) VXM( ))
= VX (B(l‘)— :qu(r)) = luOJfree (l')



Magnetic field contributions
Vx(B(r)-pM(r)) = md |, (r)
Define "new" magnetic field vector:

1, H(r) =B(r)— 1,M(r)
= VxH(@r)=J (r)

V X (B(r)_ luOM(r)) = luOJfree (r)
Note that B(r) = the magnetic flux density
Define H(r) = the magnetic field
HoH(r) = ( )_ /uOM( )
= VxH(r)=J,,(r)



Energy associated with magnetic fields

Note: We previously used without proof --
the force on a magnetic dipole m 1n an external B field 1s:
F=V(m-B)
This implies that energy associated with aligning a
magnetic dipole m in an external B field 1s given by:

E =-m-B

nt o

Macroscopic energies --

It can be shown that: W, = %J‘aﬂr B(r)-H(r)

In analogy to: W, =%jd3r E(r).D(r)



Summary of equations of magnetostatics :

V X B(r) = Uod 0 (l‘)
VxH(r)=J ,,(r)

B(r)= 41, (H(r) + M(r))
V-B(r)=0

For the case that J ee (r) =0: 1

VxH(r)=0
V-B(r)=0



For the case that J e (r) =0:

VxH(r)=0
V-B(r)=0

At boundary :
H, xn=H, xn

B -n=B,-n




Example magnetostatic boundary value problem

M, M(r) =

VxH(r)=0 = H(r)=-Vo,(r)
B(r)= x,(H(r) + M(r))

\% -B(r) =0=u,V-(H(r)+M(r))

= V@, (r)=V-M(r)



Example magnetostatic boundary value problem -- continued

Mz r<a
Mo M(r) = 0 r>a
V@, (r)=V-M(r)
=, (1) =~ [ Y M)
A ‘r—f
_ _L d3l’" V! (M(r')j . M(l.v Vv 1
4 ‘r—f ‘r—f
_Lv. d>r M(r')




Example magnetostatic boundary value problem -- continued

Mi r<a | M(r')
M(r) = X - 3!
M, (){O e Pu(r) 47ZVd

For this example:

@H(r):—Mo g [4ﬂjr'2d j

47 Oz v,
For r<a: CDH(r):—MO@( j M,z
For r>a: @, (r)=-M 0@ Maz
oz 3r



Example magnetostatic boundary value problem -- continued

M Mz r<a
Mo ()= 0 r>a
For r<a: ¢H(r)=M3‘)Z H(r)=—v¢H(r)=—%i
3 3 .
For r>a: QDH(r):MOCéZ H(r):—VgDH(r):_MOa (Z3_325r
3r 3 \r y

B(r) = 4, (H(r) + M(r))

Mz 2M 7
For r<a: H(r)=- 30Z B(r) = 1, 30Z
M.a’( 7
For r>a: H(r)=- 0? (Z3_325rj
3 r r

Ma (7 3zr
B(r) = —u, ; (3_ 5)



Variation; magnetic sphere plus external field B,

M, —— B M, r<a
- 0 M(r) = 0
N 0 r>a
By superposition:
For r<a:
2
B(r)=B, +;105MO
H(r)ziBO —lM0
Hy 3

B(r)+2u,H(r)=3B,
For an isotropic "paramagnetic" material, B(r)= xH(r)

M0: 3 [ﬂ_ﬂo )BO
Mo \ 1 +2 4,




Magnetism in materials

B(r)= 4, (H(r) + M(r))
For materials with linear magnetism:
B=uH
U > 1, — paramagnetic material
U< i, = diamagnetic material

For ferromagnetic, antiferromagnetic materials
B=f(H) (withhysteresis)



https://www.birmingham.ac.uk/Documents/college-eps/metallurgy/research/Magnetic-Materials-Background/Magnetic-Materials-Background-4-Classification-of-Magnetic-Materials. pdf

Classification of Magnetic Materials

All materials can be classified in terms of their magnetic behaviour falling into one of five categories
depending on their bulk magnetic susceptibility. The two most common types of magnetism are
diamagnetism and paramagnetism, which account for the magnetic properties of most of the
periodic table of elements at room temperature (see figure 3).
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1 2
H Derromagnetic [:]Antiferromagnetic He
Daramagnetic I:biamagnetic
3 4 5 6 7 8 9 10
Li | Be B C N | O F | Ne
11 | 12 13 | 14 [ 15 | 16 | 17 | 18
Na | Mg Al | Si P S | Cl | Ar
19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 [ 28 | 29 | 30 [ 31 | 32 [ 33 | 34 | 35 | 36
K|C| S |Ti |V |C |Mn|Fe|Co|Ni|Cu|Zn|Ga|Ge| As | Se | Br | Kr
37 | 38 | 39 | 40 | 41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49 | S0 | 51 | 52 [ 53 | 54
Rb | Sr Y Zr |Nb |/Mo | Tc | Ru |Rh | Pd | Ag | Cd | In | Sn | Sb | Te I | Xe
55 | 56 | 57 72 | 73 | 74 | 75 | 76 | 77 | 78 | 79 | 80 [ 81 | 82 | 83 | 84 | 85 | 86
Cs |Ba|La||Hf | Ta| W |Re |Os | Ir [Pt |Au|Hg | Tl | Pb | Bi | Po | At | Rn
87 | 88 | 89
Fr | Ra | Ac
58 | 59 | 60 | 61 | 62 | 63 [ 64 | 65 | 66 | 67 | 68 | 69 | 70 | 71
Ce | Pr | Nd|Pm|Sm | Eu |Gd | Tbh | Dy |Ho | Er | Tm | Yb | Lu

24


https://www.birmingham.ac.uk/Documents/college-eps/metallurgy/research/Magnetic-Materials-Background/Magnetic-Materials-Background-4-Classification-of-Magnetic-Materials.pdf
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FeSiBiTeNbSiR
Air

4kA/m BkASm A kA)m
A
~70um
v
-4 kAsm 4 kASm
Scanning. 2018; 2018: 8308460. PMCID: PMC5892230
Published online 2018 Mar 26. doi: 10.1155/2018/8308460 PMID: 29780438

Magnetic Domain Patterns in Bilayered Ribbons Studied by Magnetic Force
Microscopy and Magneto-Optical Kerr Microscopy

Jana Trojkova, ' Ondrej Zivotsky,® 12 Ales Hendrych, 1 3 Dmitry Markov, ' and Klara Drobikova 49
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https://en.wikipedia.org/wiki/Permeability (electromagnetism)

Medium $

Metglas 2714A
(annealed)

Iron (99.95% pure

Fe annealed in H)

NANOPERM®E&!

Mu-metal

Mu-metal

Cobalt-iron (high
permeability strip

material)

Permalloy

02/15/2025

Magnetic susceptibility and permeability data for selected materials

field

At0S5T

At05T

At 0.002
-

At 0.002

Susceptibility, - ) - )
. Permeability, y Relative permeability, Magnetic
volumetric, SlI, $
(H/m) max., i/Ho
Xm
1.26 x 100 1 000 000L10]
2.5x1071 200 000["1]
1.0 x1071 80 000(12]
2.5x1072 20 000!13]
6.3 x 1072 50 000l14]
2.3 x1072 18 000[19]
8000 1.0 x 1072 8000!"3]
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Mumetal Magnetic Shielding

Mu metal is a soft ferromagnetic alloy that has extremely high initial and maximum
magnetic permeability. It is used in electric transformer, storage disks, magnetic

phonographs, resonance devices and superconducting circuits.

Mumetal alloy generally attributes relative permeability about 80,000 to 100,000 than the
normal steel alloy. It is also called as soft magnetic alloy and offers low magnetic anisotropy
and magnetostriction providing low corceivity to saturate the low magnetic fields. It

provides nominal hysteresis loses when the alloy is employed in the AC magnetic circuits.

Composed of 80% Ni, 15% Fe, 5% Mo+other materials
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D.C. PERMEABILITY
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From: http://www.mu-metal.com/shielding-fundamentals.html
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http://www.mu-metal.com/shielding-fundamentals.html

Example: permalloy, mumetal p/p,~ 104

Spherical shell a<r<b:

/5

Ho

02/15/2025 PHY 712 Spring 2025 -- Lecture 14
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Example: permalloy, mumetal p/pu,~ 10% -- continued

g For this case:

> VxH(r)=0
@ o V-B(r)=0

B(r)= H(r)

Continuity at boundaries :
H xn = continuous

B -n = continuous

02/15/2025 PHY 712 Spring 2025 -- Lecture 14

30



Example: permalloy, mumetal p/pu,~ 10% -- continued

BO
=
>
Let: H(r)=-VO,(r) ™
V-B(r)=0 = V0, (r)=0
For 0<r<a @,(r)= Z5r P,(cosé’)

For a<r<b @,(r)= Z(,Blr + jpl (cosb)

For r>b H(r)———rcosH+Z % -b cosH
) 1
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Example: permalloy, mumetal p/pu,~ 10% -- continued

Applying boundary conditions

(only / =1 terms contribute) :

At r=a 51=i(,31—24j
a

Ky
ao, = ap, +y_12
a
At r=>b i(ﬂl—zléj__&_zﬂ;
Ky b K b
bﬂl+£ _bBO_l_al
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Example: permalloy, mumetal p/pu,~ 10% -- continued

G
When the dust clears: Ho

s :( -9u/ u, ]BO
1
(2p ) py + 1N gy +2)=2(arb) (u/ gy =1) ) s

R ( -9/2 \Boj
w/ py\\1=(a/b)’) o
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