PHY 712 Electrodynamics
10-10:50 AM MWF in Olin 103

Notes for Lecture 16:

Finish reading Chapter 6 (Sec. 6.6-6.10 in JDJ)
(some sections covered in less detail)

1. Some details of Liénard-Wiechert results

2. Energy density and flux associated with
electromagnetic fields

3. Time harmonic fields
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Tentative schedule for next several weeks --

12 |Mon: 02/10/2025 |Chap. 5 Magnetostatics #11102/12/2025
13 \Wed: 02/12/2025 |Chap. 5 Magnetic dipoles and hyperfine interactions #12|02/14/2025
14 [Fri: 02/14/2025  |Chap. 5 Magnetic materials and boundary value problems [#13/02/17/2025
15 Mon: 02/17/2025 |Chap. 6 Maxwell's Equations #14/02/19/2025
16 Wed: 02/19/2025 |Chap. 6 Electromagnetic energy and forces #15|02/21/2025
17 [Fri: 02/21/2025  |Chap. 7 Electromagnetic plane waves
18 Mon: 02/24/2025 Chap. 7 Electromagnetic plane waves
19 \Wed: 02/26/2025 |Chap. 7 Optical effects of refractive indices
20 Fri: 02/28/2025
21 |Mon: 03/03/2025
22 Wed: 03/05/2025
23 Fri: 03/07/2025 Review

Mon: 03/10/2025 |No class Spring Break

Wed: 03/12/2025 |No class Spring Break

Fri: 03/14/2025  |No class Spring Break

Mon: 03/17/2025 |No class Take-home exam

Wed: 03/19/2025 |No class Take-home exam

Fri: 03/21/2025  |No class Take-home exam

02/19/2025

PHY 712 Spring 2025 -- Lecture 16



PHY 712 — Problem Set #15
Assigned: 02/19/2025  Due: 02/21/2025
Complete reading Chapter 6 in Jackson.

1. Consider the E(r,?) and B(r,?) fields derived in class for a point particle of charge g
moving on a trajectory R,(t'), keeping only the terms that depend on the particle’s
acceleration

2R, (t,)
dt?

where f, denotes the retarded time. Using the short hand notation used in the lecture

notes, show that

vV =

R x E(r,t)

B(r,t) = T
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Slide from Lecture 15

Solution of Maxwell’'s equations in the Lorentz gauge

Let Y represent CD,AX,Ay,AZ Let f represent p,Jx,Jy,JZ
1 O°¥(r,¢)
c’ ot’
Green's function:

V¥ (r,t)- =—4zx f(r,t)

¢’ ot
Formal solution for field ¥ (r,¢):

Y(r,)="¥,, (r,t)+jd%'_fdt'G(r,t;r',t')f(r',t')

2
(vz _ia_]c;(r,z;rv,f) = 478 (r—r")5(t1")

2
Operationally, G(r,#;r',¢') is the inverse of the differential (Vz —%%)
c



Checking:
‘P(r,t)=‘szo(r,t)+jd%'jdt'G(r,t;r',t')f(r',t')
2 1 82 2 1 82 3 2 1 a N 14
(V —??jw(r,t)z(v —6—267J\Pf jd jdr [V c_267jG( r,;r'e") f(re)
- 0+ [dr[dr(~4* (r-r) () £ (x'0)
= —4r f(r,t)

For the case of 1sotropic boundary values at infinity:

G(r,5;r',t') = |r1r|5(t'—(t—%|r—r'|j)

"Proof" involved several steps which we can review at a later time.




Solution of Maxwell’'s equations in the Lorentz gauge — Review

from previous lecture --
Liénard-Wiechert potentials and fields --

Determination of the scalar and vector potentials for a moving
point particle (also see Landau and Lifshitz The Classical
Theory of Fields, Chapter 8.)

Consider the fields produced by the following source: a point
charge g moving on a trajectory R(f).

Charge density: p(r,1)=¢é" (r—R (1))

dR (1)

Current density: J(r,7) = gR (0o ‘r=R (1), where Rq (1) = ”

R (1)
o )




Solution of Maxwell’'s equations in the Lorentz gauge -- continued

D(r.0)= rdt 'p(r 5(t'—(t=r=r'|/c))
r—r' |
A(r,t) = _ ”d3r'dt"](r ’t')5(t'—(t—|r—r'|/c)).

472'606’ r—r'|

We performing the integrations over first d°r’ and then dt’
making use of the fact that for any function of ¢/,

& f(t)
dt' f"o(t'-(@—|r—R (t"|/c))= : A :
L. ( (11) R, @) r-R,))
clr—=R_(z,)]
where the " ‘retarded time" is defined to be

- R,(0,)|

C

[ =1 —




Comment about delta functions -- See Pg. 26 in Jackson

J e WO0S(/ ()= X
: » dx |,
S H‘Q/s
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CD(r,t)— '|’Or( r])| (t'—(@—|r-r'l/c))
A(r,t)—47[€0 [ [d*rde 'fr(r_:')'a(r'—(t—u—r'/c)).

Charge density: p(r,1) = g6 (r—R (1))

| o . dR (1)
Current density: J(r,#)=¢gR_()6"(r—R (1)), where R ()= ; .
!

We performing the integrations over first dr’:

g o o e o
d)(r,t)—47[€0jdt|r_Rq(t,)|5(t (t-]r =R, ()] /0))
( dRq(t’) A
_ q ' dt' (| v '
A(r,t)—4ﬂ€062 jdz RO S(t=(t-1r =R, (1| /c))

\ )




Some details -—q
D(r,1) = dt' o
(x.1) 47zeoj T-R (1) (

Detine ¢, =t—|r—-R_(¢.)]/c
o(t'-(t-r =R, (1" /0)) R,(t)-(r-R, (")

ot’ | [r—R_(¢")]c

t'-(t-|r =R (") | /c))

_ 9
blr.1) = dre, [r—R_ (1,)] —Rq(t,,)-(r—Rq(t,,))/c

dR (1)

q ' dt' (| e 4
eoczjdt RO S(t—(t—|r =R, ()| /0))

Similarly, A(r,?) =

4

A(r.1) = q Rq(tr)
T drec® [r=R,(t,)|-R, () (r-R, (1)) /¢




Solution of Maxwell’'s equations in the Lorentz gauge -- continued

Resulting scalar and vector potentials:

q 1
D(r,t) = :
(r,?) 47T€oR_V‘R
C
q \%
A(r,?) = :
(r.2) 47zeoczR_V° R
C
Notation: _
tr Et—|r Rq(tr)| RE r— Rq(t,,)
C
R=|r-R, ()  v=R (1),




Solution of Maxwell’'s equations in the Lorentz gauge -- continued

In order to find the electric and magnetic fields, we need to

luat
evaluate E(r.1) = -V(r.1)— 8A;‘,t)

B(r,t)=VxA(r,t)

The trick of evaluating these derivatives is that the retarded
time t. depends on position r and on itself. \We can show the
following results using the shorthand notation:

r

Vi =-— = .
c(R—VRj and ot (R— CRj

R ot R
V.

C



Some details -- o [r—R_(z,)]

r

C
dR (z,)
r-R (¢))—+-
8tr_1+( q(r)) dt. ot
ot clr-=R, ()| o

Using notaton: R=r— R _(£,) v= Rq (2.),
R = ‘l‘— Rq(tr)

R

ot R Similarly -- v — _
\4

G




After a few steps --

2
_VO(r,t) = : IR|1-2 —Z(R—V Rj+R
4re, (R V.R) C C C
c
_O0A(r,t) ¢ 1 VR vz_V-R_\'f-R _ VR
ot 4re, (R V- RT c Rc ¢’ c’
c
1 R ?
E(r,t)= £ 3 (R—V— l—v—2 +| Rx (
4re, (R V.Rj c c
c
B(r./) = q —Rxv I v-R)  Rxv/e
’ dre,c v-RY ¢’ v-RY
R - R—
c c

~ RxE(r,?)
cR



Famous result for point charge moving on an arbitrary

trajectory R, (1

trEt_|r—Rq(tr)| R=r-R,(,)
c
_dR, @) _d'R,()
R= [r- R, () V= i V= %
T (]
B(r,y——9 | __“RxV 3(1_ v-sz_ Rxv/c | RxE(:)
4reyc _(R_v-ch c (R_v.ch | cR




Back to general case --
Maxwell’s equations

Coulomb's law : V-D=p..

oD
Ampere-Maxwell'slaw: VxH - e e
Faraday's law : VxE+ (2—]: =0

No magnetic monopoles: V-B=0

Energy analysis of electromagnetic fields and sources
Rate of work done on source J(r,?) by electromagnetic field:

Woeor - Peer _ d’r E-J,,
dt dt

Expressing source current in terms of fields it produces:

dt ot
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Energy analysis of electromagnetic fields and sources - continued

D
AW e _Id3r E-J,, = jd% E- (VXH ‘ j
dt ot
D B
=—jd3r (V-(ExH)+E- D . u. a_j
Ot Ot
Let S=ExH "Poynting vector"
1 .
U = E(E -D+H- B) energy density
514 Assuming that D=¢cE

5 +V-S=-E- Jfree and that B=yH



Energy analysis of electromagnetic fields and sources - continued

Locs [ B3

dt

free
. . 1
Electromagnetic energy density: u=—(E-D+H-B)

2
E oa = jd3r u(r,t)
Poynting vector: S=ExH

From the previous energy analysis: Z—I; +V-S=-E-J
dE
S =—[d’r V-S(r.t)=—pd’r #-S(r.r)
dt dt



Momentum analysis of electromagnetic fields and sources

dl:';ch =[d’r (pE+JxB)

Follows by analogy with Lorentz force:
F=¢g(E+vxB)

eld = gojd3r (ExB)

P,

Expression for vacuum fields:

(deech 4+ feldj jd?)
di l,

Maxwell stress tensor:

T, =¢ (EE +c* BB, é‘ljl(E-EJrczB-B)j
2



Summary -- By considering a complete system involving self-
contained sources and fields, we examined the energy and
force relationships and introduce energy and force equivalents
of the electromagnetic fields

. . |
Electromagnetic energy density: u = E(E -D+H-B)

Poynting vector: S=ExH

ou

Differential relationship: " +V-S=-E-J .
!

Maxwell stress tensor (for vacuum case):

T = (EE +czBB 51

y U2(E-E+C2B-B)j



Integral relationships:

Locer _[ 47 E-3

dt free
Eﬁeldsjd3r u(r,t)

dE dE
— mech + field

dt dt

=—jd3r V- S Cj)dzrr S( )

AP erd 3
] e



Comment on treatment of time-harmonic fields
Fourier transformation in time domain :

Ert) =— ja’coE(r w) e

Er o = Ia’t Ert) e
Note that E(r,?)1s real = E(r, W) = E*(r, —w)

These relations and the notion of the superposition principle,

lead to the common treatment:

E(r,t) =R ( E(r, a))e‘i"”) E%(f‘d(r,a))eﬂ'a"f +E*(r,a))e”’”)



Comment on treatment of time-harmonic fields -- continued

Equations for time harmonic fields:

Er ) =R (E(r, w)e “‘”)E E(E(r, we " +E (r, a))e"‘”)
Equations in time domain in frequency domain
Coulomb's law : V-D=p,. V-D=p free

oD ~ L~
Ampere-Maxwell'slaw: VxH - e Jiee VxH+ioD=J,,

OB ~ L=
Faraday's law : VxE+E:O VxE—-iowB =0
No magnetic monopoles: V:-B=0 V-B=0

Note -- in all of these, the real part is taken at the end of the
calculation.



Comment on treatment of time-harmonic fields -- continued

Equations for time harmonic fields:

Ert) =R (]Tj(r, w)e )E %(ﬁ(r, we " +E(r, w)ei“’t)

Poynting vector : S(r,t) =E(,t)<xH(r,?)
S(r,¢)= i(ﬁ e ™ +E'(r,0)e™ (A, 0)e ™ + H'(r,w)e™ )

— i(ﬁ(r, w)xH'(r, )+ E'(r,w)x H(r, 50))

+ %(ﬁ(r, W) X ﬁ(r, we " + E*(r, W) X ﬁ*(r, co)e”“”)

<S(r,t)>tavg = ER(% (E(r, w)xH'(r, a)))j



Summary and review

Maxwell’s equation

Coulomb's law : V-D=p,..
oD
Ampere-Maxwell'slaw: VxH - N =J
B
Faraday's law : VxE+ a('?—t 0

No magnetic monopoles: V-B=0
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\\l

Ma;

For linear 1sotropic media-- D=¢E; B = uH

fm
>><
(CD

equatio

and no sources :

Coulomb's law : V-E=0

OE
Ampere- Maxwell'slaw: VB — ue P =0
Faraday's law : VxE+ Z—l: 0

No magnetic monopoles: V:-B=0
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Analysis of Maxwell’'s equations without sources -- continued:
Coulomb's law : V-E=0

Ampere-Maxwell'slaw: VxB-— yg%—? 0
Faraday's law : V><E+%—]t3 0
No magnetic monopoles: V:-B=0
E VxE
Vx(VxB ,uga—j —VzB—,uga( . )
ot ot
0°B
=-V’B+ us =(
H o
vx(wmwj_—vzm@wxm
Ot ot
2
=-V E+,u<9a £ =0

ot’



Analysis of Maxwell’'s equations without sources -- continued:
Both E and B fields are solutions to a wave equation:

2
B
V'B 12 0 —=0
V™ Ot
2
E
V’E 12 ¢ —=0
V™ Ot
where v°=c’ Hoo _ ¢
ue n’

Plane wave solutions to wave equation :
B(r,t)= ER(BOeik"'_i”t) E(r,t)= %(Eoeik'r_i”t)



Analysis of Maxwell’'s equations without sources -- continued:
Plane wave solutions to wave equation :

B(r,t)= %(Boeik'r_i“’t) E(r,t)= %(Eoeik'r_i”t)

2 2
‘2 0, nw UE

=|—| =| — where n =
v c Ho€o

Note: ¢, 1, n, k can all be complex; for the moment we will

assume that they are all real (no dissipation).

Note that E, and B, are not independent;

oB

from Faraday's law : VXE+E 0
:BoszEoznkXEo
@ c

also note : ﬁ-EO:O and R-Bon



Analysis of Maxwell’'s equations without sources -- continued:
Summary of plane electromagnetic waves:

B(l', t) _ 9;{[ nk x EO eik-ria)tj E(l', t) _ ER(EOeik-r—ia)t )

C

2 2

‘k‘z :(QJ :(@j wheren= |22 andﬁ-EO =0
v ¢ Ho&

Poynting vector for plane electromagnetic waves::

( - A
<S> _ lm E eik-r—ia)t % 1 nk x EO eik-r—ia)t
avg 2 0 lLl C
\ J
2 Note that:
n‘EO‘ f(:l E‘Eo kK  E x(kxE)=Kk(E,-E,)-E,(kE,
2He 2 VH AJe,|




Analysis of Maxwell’'s equations without sources -- continued:

Transverse Electric and Magnetic (TEM) waves
Summary of plane electromagnetic waves :

B(r,?)= 93[ nkx B, eik'”“’tj E(r,t)= %(Eoeik'r_i“’t )

C

2 2
‘k‘z = (Qj = (@j wheren=_ |2 andk -E, =0
4 ¢ Ho&

Energy density for plane electromagnetic waves :

<u>avg _ im(gEoeik—r—iax . (Eoeik-r—ia)t )* )+

*

lm 1 nl/; X EO el'k.r_ia)t . nl} X Eo eik-r—ia)t
4 u c C
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