PHY 712 Electrodynamics
10-10:50 AM in Olin 103

Discussion about Lecture 17:
Read Chap. 7 (Sec. 7.1-7.3 in JDJ)

1. Plane polarized electromagnetic
waves

2. Reflectance and transmittance of
electromagnetic waves — extension to
anisotropy and complexity
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Maxwell's Equations

02/19/2025

15 [Mon: 02/17/2025 |Chap. 6 #14
16 Wed: 02/19/2025 |Chap. 6 Electromagnetic energy and forces #15|02/21/2025
17 |Fri: 02/21/2025 |Chap. 7 Electromagnetic plane waves #16|02/24/2024
18 |Mon: 02/24/2025 |Chap. 7 Electromagnetic plane waves
19 Wed: 02/26/2025 |Chap. 7 Optical effects of refractive indices
20 |Fri: 02/28/2025
21 |Mon: 03/03/2025
22 \Wed: 03/05/2025
23 |Fri: 03/07/2025 Review
Mon: 03/10/2025 |No class Spring Break
Wed: 03/12/2025 |No class Spring Break
Fri: 03/14/2025 |No class Spring Break
Mon: 03/17/2025 |No class Take-home exam
Wed: 03/19/2025 |No class Take-home exam
Fri: 03/21/2025 |No class Take-home exam

02/21/2025
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PHY 712 -- Assignment #16

Assigned: 2/21/2025 Due: 2/24/2025
Start reading Chapter 7 (Sec. 7.1-7.3) in Jackson .

1. Consider the reflectivity of a plane polarized electromagnetic wave incident from air (n=1) on a material with refractive
index n=1.5 at an angle of incidence i. Assume u=\". Plot the reflectance

R(i)=IE"o/Eol?

as a function of j for 0 <7< 90 deg for both cases of polarization of (Eq in the plane of incidence or perpendicular to
the plane of incidence). What is the qualitative difference between the two cases?
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Maxwell’s equatio

For linear 1sotropic media and no sources: D=c¢E; B=uH

Coulomb's law: V-E=0

OE
Ampere-Maxwell's law: VxB - u¢ = =0
Faraday's law: VXE+ %—B 0

[

No magnetic monopoles: V-B=0
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Analysis of Maxwell’'s equations without sources -- continued:
Coulomb's law : V-E=0

Ampere-Maxwell'slaw: VxB-— yg%—? 0
Faraday's law : V><E+%—]t3 0
No magnetic monopoles: V:-B=0
E VxE
Vx(VxB ,uga—j —VzB—,uga( . )
ot ot
0°B
=-V’B+ us =(
H o
vx(wmwj_—vzm@wxm
Ot ot
2
=-V E+,u<9a £ =0

ot’



Analysis of Maxwell’'s equations without sources -- continued:
Both E and B fields are solutions to a wave equation:

2
B
V°B 12 ‘ > =0
v° Ot
1 O°E Refractive index
VE-——=0
v: Ot
where 12 =2 £ofo — c”
ue n’

Plane wave solutions to wave equation :
B(r,t)= ER(BOeik"'_i”t) E(r,t)= %(Eoeik'r_i”t)



Analysis of Maxwell’'s equations without sources -- continued:
Plane wave solutions to wave equation :

K-r—iot k-r—iot

B(r,t)= ER(BOe’ T ) E(r,t)= ER(EOe’ T )

0 ’ 0 i &
2 n
‘ =|—| =| — wheren= |-£

v c Ho&y
Note: ¢, 1, n, k can all be complex; for the moment we will
assume that they are all real (no dissipation).

Note that E; and B, are not independent; K= 2L
= nN—
B
from Faraday's law: V xE + Z—t =0 ¢
kxE, nkxE,
— 0 = =
@ c

alsonote: k-E,=0 and k-B,=0



Analysis of Maxwell’'s equations without sources -- continued:
Summary of plane electromagnetic waves :

B(r, t) _ 93( nk x EO eik-ria)t) E(l', t) _ ER(EOeik-r—ia)t )

C

2 2
‘k‘z = (ﬂj = (@j wheren= -2 andk -E, =0
v ¢ Ho&

kxE -
BO:n “0 and k-B,=0
c
Poynting vector and energy density:

s, =eli=L e -

(u), = —e\E ’ 2 T




Detailed analysis of reflection and refraction of plane polarized
electromagnetic waves RugUSH G toene)

Note that apparently, Fresnel
deduced properties of
reflection and refraction before
Maxwell's equations were
published.

However, we can see how
these results follow directly
from Maxwell’'s equations.

Portrait of "Augustin Fresnel"
from the frontispiece of his
collected works (1866)

1788-1827
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Reflection and refraction of plane electromagnetic waves at a
plane interface between dielectrics (assumed to be lossless)

U E




Reflection and refraction -- continued

In medium u'e":

B'(r,)= (e, ¢ )

H, 81

B'(r,1)= " RXE(r, 1) = 1/ SR XE(r, £
C




Reflection and refraction -- continued

Snell's law — matching phase
factors at boundary plane z=0.

A i%(n'l;'-r—ct)

X o iQ(nﬁi -r—ct)

= e ¢

z=0 z=0

_ ei%(nlA(R -r—ct)

z=0

matching plane: r = xX+ yy + 0z
K'r=xsind
ﬁi~r:xsini:ﬁR-r:xsinR =i=R
n'ﬁ'-r:nﬁi-r = n'xsinf = nxsini

Snell's law : n'sin@ = nsini



Reflection and refraction -- continued

Continuity equations at boundary with no sources :

VxH—a—D—O VXE+§—B 0
ot ot

Matching field amplitudes at boundary plane:
D-z, B-Z continuous

Hxz,ExZ continuous



Reflection and refraction -- continued
Matching field amplitudes at

boundary plane:

D-z continuous:

A ' ' . A

X ¢(Ey, +Ey;)-2=¢'E')- 2
B.z continuous:

n(RiXEOi +lA(R XEOR)'QZ

E xz continuous:

A _ ' a 'A| | .A
(EOZ.-I—EOR)XZ—EOXZ n'k'xE' -z
H xz continuous:
N A Known: E_.. k.

A 0 °

_(kiXEOi+kRXEOR)XZ Lo i
H Unknown: E' E ., k'

: OR >
n'-~ .
= —k%<E' xz
!

7



Reflection and refraction -- continued

s-polarization — E field “polarized”
perpendicular to plane of incidence

Z

|
we oo X .
! E xz continuous:
|
X (E, +E,;)x2=E'x2
K E K; kg R :
H xz continuous:
n (- ~ A n'lA(' E' %3
—(kixE0i+kR><E0R)><Z— —k'xE'\xz
2 M
ncosi— n'cos ' ,
Eog _ o' £y 2ncosi
0i ncosi+ﬂn'003¢9 Ey, ncosi+’un'005¢9

! !

H H

Note that: n'cos@ = \/n'2 —n’sin’i




Reflection and refraction -- continued

p-polarization — E field “polarized”
Z parallel to plane of incidence

D-z continuous:
A A . ' ' A
x ¢(E,+Ey) z=¢'E'-2Z

H xz continuous:

ﬁ(f{i xE,, +lA{R xEOR)xi: n—'lA('xE'Oxi
U M

ad
E, u E', 2ncosi

n'cosi—ncosé@

'

k, ﬁ'n'cosi+ncosé’ ky, ﬁ'

)7 K

Note that: 7n'cos@ = v/n—n?sin? i

n'cosi+ncosé




Reflection and refraction -- continued

Z

Intensity in terms of Poynting vector:

2/\

k

Reflectance, transmittance:
2

R:SR-QZEOR T:S'- _
S.-z| |E, S.-z |E,| n u'cosi

Notethat R+T7T =1

N>
vy
o -
[\
S
t
(@
@)
wn
A




For s-polarization

ncosi—ﬂ'n'cosﬁ ' ,
Eog _ 7 £y 2ncosi
0 ncosz+’un'cosé’ 07 ncosz+ﬂn'cosﬁ

' '

H H

Note that: 7'cos@ = /n—n?sin?

2
2 ncosi—ﬁ'n'cosé’
R = Lo _ H
£y, ncosi+ﬁ'n'cosé?
U
2
T E'y| n' ycos@  4nn'cosicost
E,| n u'cosi 1 P

ncosi+--—n'cos@
lLl'




For p-polarization

H o cosi—ncos ' ,
Epp 4 E', 2ncosi

ky, ﬁ'n'cosi+ncose k, ﬁ'n'cosi+ncosﬁ
M M

Note that: 7'cos@ = +/n—n?sin? i

2 ﬂ'n'cosi—ncosé’
R = EOR — H
k. .
0; ﬂ'n'coswncos@
U
' 2 ! ' :
T E'| n'" ppcosf®  4dnn'cosicostd u
oi| 1 p' cosi P

|ﬂn'cosi+ncos<9
lLl'



Special case: normal incidence (=0, 6=0)

n'—n '
Eon 1 E'y  2n
nen Lo ﬁ'n'+n

Ly, M
Reflectance, transmittance :
2

2 ﬁ'n'—n

R = EOR — H
Ey, ﬁ'n'—lrn

)7,

E'vl n'u | 2n n' u

EOi n lLl' ﬁn'+n n ILI'




Multilayer dielectrics  (Problem #7.2)
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Extension of analysis to anisotropic media --

02/21/2025

Ay g F

A5 <
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Consider the problem of determining the reflectance from
an anisotropic medium with isotropic permeability p,and
anisotropic permittivity ¢,k where:

(k. 0 0
Kk=| 0 K,, 0
\ 0 0 Kzz/

By assumption, the wave vector in the medium is
confined to the x-y plane and will be denoted by

®, . . .
k, =—(nx+ny),where n_ and n  are to be determined.
C y X Y

The electric field inside the medium is given by:

.
1—

E=(Ex+Ey+E7Z)e°

(n x+n,y)—iot



Inside the anisotropic medium, Maxwell's equations are:
V-H=0 V-k-E=0
VXE—-iou,H=0 VxH+iwek-E=0

After some algebra, the equation for E is:

/K‘xx —ni nn, 0 \ (E_)
2 —
nn, K, —n 0 E, |=0.
2
0 0 Kzz_(”i+”y)/\Ez)

From E, H can be determined from

1 i (n xX+n,y)—io
H=— {E (nXx—ny)+(En, —Eny)z}ec e
HyC



The fields for the incident and reflected waves are the
same as for the isotropic case.

(0 o « A « A
K, =—(sinix +cosiy),
C

@, . .. "
K, =—(sinix—cosiy).
C

Note that, consistent with Snell’s law: #, =SIni

Continuity conditions at the y=0 plane must be applied for
the following fields:

H(x,0,z,t), E (x,0,2,1), E_(x,0,2,¢), and D (x,0,z,7).

There will be two different solutions, depending of the
polarization of the incident field.



Solution for s-polarization

_r _ 2 2 .
E=E =0 = n =x_—-n n, =sini
w w
N i—(nx+n,y)—iot 1 R R i—(nx+n,y)—iot
E=Fze° H:—{Ez(nyx—nxy)}e ¢
HoC

E_ must be determined from the continuity conditions:

E,+E,=E. (E,—Ey)cosi=En, (E,+E,)sini=E.n,

EO B COSl-I’ly

E, cosi+t+n,



Solution for p-polarization

K
E =0 :niz =

2
- (K, — 1)
Yy

)
n K n . i—(nxx+nyy)—ia)t
_ xx'“x
E= Ex X — y |€°©

Kyy n)’

E K ig(n x+n,y)—iot
_ x XX o c 7

H = VAS
IUOC ny

E_must be determined from the continuity conditions:

K 1 . . K n
=F (E,+E))smni=—"""F .

ny n,

(E,—E,)cosi=E, (E,+E,)=

r’

E, Kk,cosi—n,

E, K. cosi+n,



Extension of analysis to complex dielectric functions —
for next time --

For simplicity assume that u = p,

Suppose the dielectric function 1s complex:

£ . .
E=¢g, +ig, = =(ny+in,) =a+if
80
1/2 1/2
Ja* + B +a N
e = n, =
2 2

E (r, t) _ m (Eoeicg(nk-rd) ) _ ER (Eoei?(an.rct) ) e_%nlf{.r
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