PHY 712 Electrodynamics
10-10:50 AM MWF Olin 103

Notes for Lecture 27: Theory of Special Relativity

Chap. 11 — Sec. 11.1-11.7,11.9 in JDJ)

A. Lorentz transformation relations
B. Electromagnetic field transformations

C. Connection to Liénard-Wiechert potentials
for constant velocity sources
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Presenter Notes
Presentation Notes
In this lecture, we will continue our discussion of Special Relativity.    In particular, we will discuss how the E and B fields transform between two relatively moving reference frame.    Using a particular example, we will be able to show that our results for transformed fields are consistent with the results we obtain using the analysis using the Lienard-Wiechert potentials discussed earlier.


Mon: 03/24/2025

Radiation from time harmonic sources

03/26/2025

Chap. 9 #20
Wed: 03/26/2025 |Chap. 9 & 10 Radiation from scattering #21 103/28/2025
Fri: 03/28/2025  (Chap. 11 Special Theory of Relativity #22 103/31/2025
Mon: 03/31/2025 |Chap. 11 Special Theory of Relativity #23 04/02/2025
Wed: 04/02/2025 |Chap. 11 Special Theory of Relativity
Fri: 04/04/2024  Chap. 14 Radiation from accelerating charged particles
Mon: 04/07/2025 |Chap. 14 Radiation from accelerating charged particles
Wed: 04/09/2025 (Chap. 14 Synchrotron radiation and Compton scattering
Fri: 04/11/2025  |Chap. 13 & 15 |Other radiation -- Cherenkov & bremsstrahlung
Mon: 04/14/2025 |Special Topics
Wed: 04/16/2025 |Special Topics Glass time
Fri: 04/18/2025 Presentations | shifted to
Mon: 04/21/2025 |Special topics AM
Wed: 04/23/2025 Presentations ||
Fri: 04/25/2025 Presentations |l
Mon: 04/28/2025 Review

03/31/2025
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PHY 712 -- Assignment #23

Assigned: 3/31/2025 Due: 4/02/2025
Continue reading Chapters 11 (Especially Sec. 11.9) in Jackson .

1. Derive the relationships between the component of the electric and magnetic field components E,, Ey, E,, By, By,
and B, as measured in the stationary frame of reference and the components EY, E', E7, By, By, and B
measured in a moving frame of reference which is moving at a constant relative velocity v along the x axis.
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Crazy colloquium schedule for this week

Wed. Apr. 2, 2025 — Professor Fan Yang, Department of Computer Science, Wake Forest University-
“Towards Conceptual Understanding of Large Language Models” (Host: N. Holzwarth)

Thurs. Apr. 3, 2025 — Ph.D. Defense: lan Newsome — “Semiclassical Effects in Curved Spacetime and
Quantum Electrodynamics” — Olin 107, 9:00 AM (Advisor: Prof. P. Anderson)

Thurs. Apr. 3, 2025 — Special Colloquium on Perspectives in Physics, Professors Paul Anderson and
Natalie Holzwarth

Friday Apr. 4, 2025 — Ph.D. Defense: Leda Gao — “Extracting information from black hole merger
simulations: The robustness of quasinormal modes” — Olin 107, 10:00 AM (Advisor: Prof. G. Cook)
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Towards Conceptual Understanding of Large
Language Models

Large Language Models (LLMs) have demonstrated impressive
capabilities in understanding and generating human language,
yet the internal mechanisms by which they encode semantic
knowledge and conceptual structures remain largely opaque.
In this talk, I will introduce my recent exploration in
probing LLM representations, focusing on the depth-
dependent emergence of conceptual understanding
and the structure of learned knowledge. The first part

of the talk will introduce the concept of Concept Professor Fan Yang
Depth, which posits that simpler concepts are .
captured in shallower layers while more abstract and Department of Computer Science
complex ones require deeper processing. This Wake Forest University

framework is supported by probing experiments
across multiple LLM architectures, shedding light on
how different levels of semantic information are

distributed within model layers. Building upon this,
will discuss a complementary perspective that extends Wed neSd ay
beyond single vector representations to Gaussian 4 / 2 I 20 2 5

Concept Subspaces (GCS), a novel framework that
models conceptual knowledge as a distribution rather
than a single fixed direction in representation space.
This approach improves robustness in identifying
learned concepts and has practical implications for

interpretability and intervention in model behavior. RE‘CEpLiDH 3:30
Finally, I will present a vision for moving beyond

empirical characterization toward physical Olin Lobby
interpretations of LLMs, drawing connections between

deep learning representations and theoretical Cgllgquium 4:00
modeling of dynamical systems. This future .

perspective invites interdisciplinary collaboration in Olin 101

physics, neuroscience, and Al, aiming to ground the
emergent behaviors of LLMs in a more principled
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Reminder — L. V. Lorenz and H. A. Lorentz

Ludvig Valentin Lorenz Hendrik Antoon Lorentz
1829-1891 1853-1928
=>Lorenz gauge =>Lorentz transformation
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. Convenient notation :
Lorentz transformations

y
p="
c
, = 1
v 1- ﬂ v2
y AV Stationary frame Moving frame
3 ct = yler+pr)
— 7/(X'+ﬂ6t')
= v = )
X Y -
I .,....m......_’____‘“ . '
i “ -
K
o X’
J >
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Presenter Notes
Presentation Notes
We will continue to use the stationary and moving reference frames introduced in the previous lecture.     In this case, the relative motion is along the x-axis.   Of course, there is nothing special about this choice, but we will use it throughout this lecture.


Lorentz transformations -- continued

For the moving frame with v =vX :

(v, B,
£ - vB 7
0 0
. 0 0
(ct) (et
X x'
=L| "
Y Y
\z) \Z
Notice:

2,2 2 2
ct —x —Yy

0

0
1
0

2 2.2 2 2 2
-z =ct"—x"—y" -2

o = O O



Presenter Notes
Presentation Notes
This slide reviews the transformations of the time and position 4-vector.


Velocity relationships

' ' '
. u' +v u U
Consider: u_ = : u, = 2 u, = :

1+vu' /¢’ g y/v(l-l—vu'x/cz) ) 7/v(1+vu'x/cz).

) = 1 _ 1+vu' /c’

Co =) I=(uve) J1-(v/e)
= 7,c=7,(r.ct+Byu',)

=, =7, +1,9) =7, (r,u'+ By,c)

— ! — !
: yuuy - yuvu y yuuz - yuvu z

Note that = yvy/u.(1+vu 'x/cz)

/ 7/MC ) ( yu'c \
yuux yu’u'x
7uuy 7/u'u'y

\ulY: ) \yu'u'Z/




Special theory of relativity and Maxwell’'s equations
Maxwell’s equations in any inertial reference frame:

Continuity equation: 2—'[; +V-J=0
. 1 0D
Lorenz gauge condition: — %_t +V-A=0
C
. . 1 0°®
Potential equations: > %tz —V°O® =47p
C
1 0°A
_TA a2
c- ot c
Field relations: E=-VO- 10A
c Ot

B=VxA


Presenter Notes
Presentation Notes
This slide reviews the relevant equations for the continuity of our sources, and for Maxwell’s equations in terms of the scalar and vector potentials, and for the relationship of the E and B fields to the scalar and vector potentials.


More 4-vectors: a =10,1,2,3}

Time and position : =X

(04

Charge and current : = J

(94

Vector and scalar potentials : = A



Presenter Notes
Presentation Notes
Here we identify 4-vectors of  time-position, charge and current sources, and scalar and vector potentials.


( A
Lorentz transformations 7oonp 00
P rB, v, 00
’ 0 0O 1 0
. 0 0 0 I,
Time and space:: x“=Lx“=L7x”
Charge and current : J =L J*=L"J*
Vector and scalar potential : 4% = £ 4" = £ 4"
Notation: pabB 23: P B Repeated index
' =2 summation
convention
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Presenter Notes
Presentation Notes
It is reasonable to postulate that each of these three 4-vectors transform from one reference frame to another with the Lorentz transformation.


4-vector relationships

(et (A%

X Al 0 . a

& r & (A ,A): upper index 4 - vector A“ for (a = 0,1,2,3)
Y

\z) 4

Keeping track of signs - - lower index 4 - vector 4, = (AO ,—A)

Derivative operators (defined with different sign convention):

0% :(i,_Vj aa :(i,VJ
cOt cOt


Presenter Notes
Presentation Notes
In addition to the 4-vectors we have defined up to now, which are written with an upper index alpha,  we will also need to define a lower index version of the 4-vector which just means that the space part is taken with a minus sign.    We also need a notation for derivatives with respect to time and space given with the partial symbol.   It turns out that for consistency, the upper and lower signs  needed for the derivative operator, the upper and lower signs must be given as indicated.     While Jackson’s conventions are consistent throughout his text,    other textbooks may use other sign conventions.


.

Special theory of relativity and Maxwell’'s equations

Continuity equation:
Lorenz gauge condition:

Potential equations:

Field relations:

%+V-J:o > 09,J°=0

l ag+v.A:() > aaA“:()
c Ot
1 oD
¢’ %tz V=i 4
0,004 =22
1 ‘A o
: %2 _via=Ty ¢
C 4 C
E——Vcb—l oA
c O 399

B=VxA


Presenter Notes
Presentation Notes
Here we exercise our new notation to write the important equations.    I have to admit that the new notation looks quite compact, (pretty, intriguing?)   But what about the E and B fields,   how does the new notation work for them?


From the scalar and vector potentials, we can determine
the E and B fields and then relate them to 4-vectors,
finding --

E-_vp_l9A E __ 00 04, =—(0"4'-0'4")
c Ot Ox  cOt
04
E =92 % =—(8"4*-0°4")
g oy cot
E =- o _4 _ —(0°4’-0°4")
Oz cot
B=VxA Bx:aAz_aAy:_(azAta?’AZ)
oy Oz
B = % _ (g _ou)
Y 0z  Ox
04
e L)

S Ox 0Oy


Presenter Notes
Presentation Notes
Writing out the 6 equations for all of the E and B field components, we see that the new notation has a very nice pattern, but each field component  has two indices!!!    We can thus conclude that the 6 E and B field components are part of  a 4x4 matrix or tensor.


“ Field strength tensor FY = (@“Aﬁ —aﬁA“)

For stationary frame

(0 -E. ~E, —E )
b _ E. 0 -B. B,

E, B, 0 -5,

\£. —-B, B, 0

For moving frame

(0 -E' -E' -E'
F'a’BE Ex O _BZ By

E'' B, 0 -B,
\E'. -B', B, 0 )



Presenter Notes
Presentation Notes
Therefore we can define the field strength tensor and assign each of  the 6 field components and their negative values to an entry in the 4x4 field strength tensor.      From this logic, we can then deduce that  the field strength tensor transforms  as a tensor with a Lorentz transformation sandwich.   Evaluating the multiplication of the three matrices,  we obtain the result given on the last line.     


Summary --

Field strength tensor

F% =

(0

~E, -E,
0 -B.
B. 0
-B, B,

F =(p°4” -8 4°)

F' =

0
E
E
E

X

y

z

—F'

B'
—B'

—F'
—B'

B'

—F'
B'
—B'




.

=» This analysis shows that the E and B fields must be
treated as components of the field strength tensor and that in
order to transform between inertial frames, we need to use the
tensor transformation relationships:

Transformation of field strength tensor

F?=p"F" L7

7
£ - 7B,
0
0
0 —~E'

X

E' 0
rE+B.) 1 (B.+BE)
rE-B.B,) -7.(B,-B.E.)

B, 0 0
v, 00
0 1 O
0 0 1
—y(E,+8.B.) -7(E.-BB)



Presenter Notes
Presentation Notes
Therefore we can define the field strength tensor and assign each of  the 6 field components and their negative values to an entry in the 4x4 field strength tensor.      From this logic, we can then deduce that  the field strength tensor transforms  as a tensor with a Lorentz transformation sandwich.   Evaluating the multiplication of the three matrices,  we obtain the result given on the last line.     


anerse transformation of field strength tensor

v —rpB 00
FreB — p-lay prs p 168 Ll =75, Yy 0 0
Y Y v 0 0 1 0
0 0 0 1
0 —E, -7.(E,~B.B.) -7.(E.+BB,)
v E, 0 -7,(B.-BE,) 7,(B,+BE.)
v,(E,~BB.) 7,(B.-BE,) 0 -B,
v,(E.+B.B,) -7,(B,+BE.) B, 0
Summary of results:
E'x — X B'x — Bx
E' =y,(E, -BB.) B',=7,(B,+BE.)
E'. =y,(E.+BB, B'.=y,(B.-BE,)



Presenter Notes
Presentation Notes
Using the same logic, it is possible to evaluate the inverse transformation.   The last result is the same as given in Jackson Eq. 11.148.


@)omparison of the two transformations

v, B, 00
Fob — pr e p b P = v.B, v, 00
v v v 0 0 1 0
0 0 0 1
0 —E' —7V(E'y+ﬂvB'z) —%(E'Z—ﬂvB'y)
| B o nlese) nlesE)
(B +B,B.) 7(B.+BE) 0 -B
y(E.-BB,) 7B -BE) B, 0
v, 7B, 00
Freb — p -y i p 168 pl= -7.5 Yy 0 0
v v v 0 0 1 0
0 0 0 1
0 ~E ~7,(E,~AB.) -r,(E.+BB,)
vt E 0 -7,(B.-BE,) 7.(B,+BE.)
v,(E,-BB.) 7. (B.-BE,) 0 -B,
v,(E.+B,B,) -7,(B,+BE.) B, 0
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Presenter Notes
Presentation Notes
Comparing the various transformations.


.

Example: Fields in moving frame:
—vt'X + by
E' :%(x'fwy'f'): dl y322
A 7"' 1\ 2 2
A y ya ((—Vf) +b )
_ e B'=0
"4
b—
q
_ sX > X

2 /7 Fields in stationary frame:

Ex:E'x Bx:B'x
E =y, (E+BB") B,=7,(B,-BE")
E =y,(E.-BB') B.=y,(B.+BE",)
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Presenter Notes
Presentation Notes
Now, consider a particular example discussed in Section 11.10 of Jackson.    A particle sits at the origin of the moving frame.   The E and B fields are measured  at the point b along the y axis in the stationary frame.   What are the values of the fields measured in the stationary frame?    


.

Example: Fields in moving frame:
—vt'X + by
N E' =L (x'x+)'y)= a(—vx+ )22
y | Y ’ ((—ve) +27)
B ) B'=0
"4
b F; : : .
q ields in stationary frame:
— > X > x, | q —Vt'
: Ex :E x (2 )2 3/2
y 4 Z ((—Vf') +b )
Fields in stationary frame: E = ( £ )= q ( }/Vb)
E =FE' B =B' y = y _( 5 b2)3/2
x x x x —yt!
E,=7,(E'+5B") B, =y,(B,~BE") (=) +
_ ' ' _ ' ! b
EZ—VV(EZ_IBVBy) BZ—VV(BZ"‘IBvEy) BZ:yV(IBVE'y): Q(J/,,,Bv )

((—vt ')2 +b’ )3/2
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Presenter Notes
Presentation Notes
It is easy to write the fields in the moving frame, since the particle is stationary in that frame.   Then we use the transformation equations to find the fields in the stationary frame.    We are not quite done, because the expressions involve the time measured in the moving frame.


.

Example: Fields in moving frame::
r 4 9 (e oy q(-vix+by)
’ E'=—'(xx+yy)=
v |7 e ((—vt')2+l92)1/2
i — B'=0
v
o~ q Fields 1n stationary frame:
— > x > x, | q _Vj/vt
L=E", = ( ; ) 302
Z Z, ((—V]/Vf) +b2)
, q\7,b
Ey_yv(Ey): (2 )23/2
Expression in terms of ((—vyvt) +b )
consistent coordinates
q(7.8.b)

t'=yt

03/31/2025

B (pE")-

3/2

((—vyvt)2 + bz)
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Presenter Notes
Presentation Notes
Using the time-coordinate transformation we can then write the fields measured in the stationary frame in terms of the time appropriate to that frame.
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Presenter Notes
Presentation Notes
This plot shows the y component of the electric field as measured in the stationary frame plotted as a function of time.   For large gamma, there is a large peak at t=0.


Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials (temporarily keeping Sl units)

dR (1)
dt

pr,0)=g5'(r =R, (1) JI(r,0)=¢R, (NS r-R, () R, ()=

v ar L (t'—(t—|r—r'|/c))

CD(r,t)— r

Hd%d I, t) (1= (- r—r'|/c))

A(r,t)=
(r:0) 47zeo r—r'|

Evaluating integral over ¢':

[ arf@ns(t-@—Ir-R ()] /c))= f)

“R,(,) (r-R,(1))
clr—R, ()]



Presenter Notes
Presentation Notes
Do these results make sense?     In order to check the results, we can calculate the fields directly in the stationary frame using the methods we discussed several lectures ago using the Lienard-Wiechert potentials.   Here we review some of those equations.


Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — continued (Sl units)

o, =—1

47e, R_V'R
c
q \4
A(r,t) =
(r:5) dmec” p V'R
c
dR,(t,)
where R=r-R_(,) v=—o
dt,
OA(r,t)

E(r,t) =-VO(r,t) - Py

B(r,t) =V xA(r,t)


Presenter Notes
Presentation Notes
More equations.



.

Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — continued (Sl units)



Presenter Notes
Presentation Notes
Finally the E and B fields obtained from that analysis.


Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — (Gaussian units)

—R ? R R x\
B(r,t):g XV 3[1_\/2+V2 )_ xXv/c :
c : c c :
(R_V Rj (R_V Rj
B(r,t)szi(r’t).
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Presenter Notes
Presentation Notes
Here are the equations in cgs Gaussian units that we are now using.


= Examination of this system from the viewpoint of the
the Lienard-Wiechert potentials — continued (Gaussian units)

q VR V2
E(r,t) = VR KR _Tj [1 _CTH For our example:
R— R, (t)=vtXx r=by

C

R=by—-wvt X Rz\/vztf+b2

2
B(r,7)="1 1——2] v=1% trzt—£

3 L
: c
= c
This should be equivalent to the result given in Jackson (11.152):
—vytX + yby
(0> +p0)?)

ypbz
(0 +y0)?)”

E(x,y,z,t)=E(0,b,0,t)=¢q

B(x,y,z,t)=B(0,b,0,t)=¢q


Presenter Notes
Presentation Notes
Now to evaluate the equations, we need to consider the constant velocity trajectory of our example.    We will continue this discussion on Wednesday.


Summary --

A y y’ Transformation equations:
EX — E 'x BX — B 'x
B - ' ! ! '
, v E ,=y,(E'+BB") B,=y,(B',-BE")
7 _ U ' _ ' '
q Ez_yv(EZ IBvBy) Bz_j/v(Bz-i_IBvEy)
- > G x’
’ For our example, B'=0and E' and E' are nontrivial
z v/ Z * ’
The nontrivial fields in the stationary frame are
E =E"
E =yE" Is this result consistent with the
B.=yBE" the Lienard-Wiechert analysis?
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