PHY 712 Electrodynamics
10-10:50 AM MWF Olin 103

Notes for Lecture 31:
Radiation by moving charges

Continue reading Chap. 14 — (Sec. 14.1-14.8 in JDJ)
1. Recap of synchrotron radiation
2. Some other radiation sources

3. Compton scattering
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Presenter Notes
Presentation Notes
In this lecture, we will continue discussing the material presented in Chap. 14 of Jackson’s textbook on the subject of radiation from moving charged particles.
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https://docs.google.com/document/d/1u3ZxgUzbA2AywykXFRPLBFbs-IxQpvlNH6kVdboNY8Y/edit?tab=t.0

PHY 712 -- Assignment #27
Assigned: 4/09/2025 Due: 4/11/202r

Finish reading Chap. 14 (Sec. 14.1-14.8) in Jackson .

1. This problem concerns the Compton scattering of a photon having an initial momentum magnitude of p and a
final momentum magnitude p'at an angle 6 due to an electron of mass m, initially at rest, as discussed in
lecture and on page 696 of Jackson. The wavelength of the photon before the collision is A=h/p and after is
A'=h/p’, where his Planck's constant. Show that

A-A=(h(mc))(1-cosh).
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Comment about units

Differential power (cgs Gaussian) Differential power (SI)
R n c N\ |2 n R .\ |2
dP(t) _ & PX((Y—B)XB)‘ dP(t) & ‘I‘X((Y—B)XB)‘
dQ  dzc  (1-¢-B) dQ  (4re¢))4zc  (1-%-B)

e measured in Coulombs

Length measured in m

Energy measured in joules (J)
Also note that:

1 J=6.24150907446076 x 10'8 eV

e measured in Statcoulombs
Length measured in cm
Energy measured in ergs

Some results concerning synchrotron radiation --



Ay Spectral intensity relationship:
2
. 1 ¢ jdt e oft,—#-R, (1,)/c) [fx(f'x[}(t ))]
0woQ 47[ c '
0 >y
Top view.

X
R, (t.)=pXsin(vt, / p)

+ p§r(l—cos(vtr/p))
B(z)= ,B(f(cos(vtr / p)+ysin(w, /,0))

For convenience, choose:

r=xcos@+zsind



Presenter Notes
Presentation Notes
Setup of the coordinate system to analyze the particle trajectory.   Here rho denotes the circular radius and v denotes the particle speed (assumed to be constant).


z R, (t.)=pXsin(vt, / p)
r + py(l—cos(vtr /,0))
5 ) X B(z)= ,B(f(cos(vtr / p)+§ysin(vt, /,0))

For convenience, choose:

x r=Xcos@+zsind

Note that we have previous shown that in the radiation zone,
the Poynting vector is in the r direction; we can then
choose to analyze two orthogonal polarization directions:

N

g =Yy €, = —Xxsmnf+zcosl

Fx(FxP)= ,B( sin(ve, / p)+¢€, sin@cos(vt, /,0))


Presenter Notes
Presentation Notes
For this analysis we will assume that the radiation is detected in the x-z plane.    The angle theta is defined with respect to the x axis.   Two polarization vectors denoted with epsilonparallel and epsilonperpendicular  (both perpendicular to r) are defined.


=y €, = —Xsin@+2zcosb
x (1 x

B)=

(
£
— Y ( (sin(vz, / p)+¢g, sin@cos(vr, /p))

2 2 2 L 2
dd ;Q = Z = | fx(fxﬂ)e’”(t_r'R"(”/c)dt‘
aQ 7T CI|"
d2] q2a)2182 , ,
5= G@f +C(@)F]

za)(t—ﬁ cos@sin(vt/ p))

C ()= j dtsin(vt/ p)e

za)(t—— cos@sin(vt/ p))

C (w)= j dtsin @ cos(vt/ p)e
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Presenter Notes
Presentation Notes
Here the two amplitudes C for parallel and perpendicular polarizations are defined in terms of the trajectory parameters.


@Solution appropriate for man-made synchrotron facilities

Light is produced by short bursts of electrons moving close to the speed of light (v~ c(1-1/(2y%)),
3¢y’
2p

2 d’1 . d’1 (o AT
d1 _ I + d [J_ | 3q Y (0)] (1+7/202)2 |:K2/3(2aa)) (1+7/202)2)}

passing a beam line port with & = 0 and ¢ ~ 0. Expressed in terms of critical frequency @, =

dodQ dodQ dodQ dodQ 4rc\ w

C

dz[L _ 3q27/2 @ 2(1+ 202)2 7/232 K @ (1+ 292); 2
dodQ 4r’c |\ w 4 1+7%0*| "’ 2w 4

C

C

c

1.4-
1.2- 0*1;
' ——— for Oy =0

17 Py 6I0/0.9)
0.8 —Lfor Oy =1
0.6 &

ol 0’1
0.4- ;2 for Oy =
0.2‘_

0 T T T ! T ' T
0 1 2 3 4
o/ o,
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Presenter Notes
Presentation Notes
More plots.   The fact that the frequency scales with the critical frequency means that by designing facilities with different radii and gamma factors, the spectral range can be controlled.
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https://lightsources.org/lightsources-of-the-world/

Synchrotron radiation is also produced by astronomical
sources as analyzed by Julian Schwinger —

PHYSICAL REVIEW VOLUME

75, NUMBER 12

JUNE 15, 1949

On the Classical Radiation of Accelerated Electrons

JULIAN SCHWINGER
Harvard University, Cambridge, Massachusetts

(Received March 8, 1949)

This paper is concerned with the properties of the radiation
from a high energy accelerated electron, as recently observed
in the General Electric synchrotron. An elementary derivation
of the total rate of radiation is first presented, based on Lar-
mor’s formula for a slowly moving electron, and arguments of
relativistic invariance. We then construct an expression for
the instantaneous power radiated by an electron moving
along an arbitrary, prescribed path. By casting this result
into various forms, one obtains the angular distribution, the
spectral distribution, or the combined angular and spectral
distributions of the radiation. The method is based on an
examination of the rate at which the electron irreversibly
transfers energy to the electromagnetic field, as determined by
half the difference of retarded and advanced electric field
intensities. Formulas are obtained for an arbitrary charge-
current distribution and then specialized to a point charge.
The total radiated power and its angular distribution are ob-
tained for an arbitrary trajectory. It is found that the direc-

tion of motion is a strongly preferred direction of emission at
high energies. The spectral distribution of the radiation de-
pends upon the detailed motion over a time interval large
compared to the period of the radiation. However, the narrow
cone of radiation generated by an energetic electron indicates
that only a small part of the trajectory is effective in producing
radiation observed in a given direction, which also implies
that very high frequencies are emitted. Accordingly, we
evaluate the spectral and angular distributions of the high
frequency radiation by an energetic electron, in their de-
pendence upon the parameters characterizing the instan-
taneous orbit. The average spectral distribution, as observed
in the synchrotron measurements, is obtained by averaging
the' electron energy over an acceleration cycle. The entire
spectrum emitted by an electron moving with constant speed
in a circular path is also discussed. Finally, it is observed that
quantum effects will modify the classical results here obtained
only at extraordinarily large energies.

DOI:https://doi.orq/10.1103/PhysRev.75.1912

04/09/2025
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doi:https://doi.org/10.1103/PhysRev.75.1912

A i .
z Recalling general results of analysis --

g . .
L = € = —Xxsinf+zcosl

(f‘)

( sin(vt, / p)+¢€, sincos(vt, /p))

d*1 B q° @
dodQ 471’

d2[ B q2a)2182
dodQ  4r’c

C ()= j dtsin(vt/ p)e

[ Bx(®x gy (’)/C)dtr

{1 C (@) +|C ()]

za)(t—ﬁ cos@sin(vt/ p))

za)(t—— cos@sin(vt/ p))

C (w)= j dtsin @ cos(vt/ p)e

It is possible to perform the full time integral analytically.
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Presenter Notes
Presentation Notes
Here the two amplitudes C for parallel and perpendicular polarizations are defined in terms of the trajectory parameters.


Useful identity involving Bessel functions

e e = N J (A)e™* HereJ,(4)isa

m=—a0

Bessel function of integer order m.

0, vt
'OcosH and o =

c P

ia)(t—ﬁ cos @sin(vt/ p))

Clw) = dtsin(vt/ p)e "

In our case, 4 =

C a 00 ia)(t—gcosﬁsin(vt/p))
= I e ¢

—00

—Iiwp 0cosl

= Z J ( COS 0)2%5((0 m—).
—iwp 0cosb ,—, Yo,



Presenter Notes
Presentation Notes
Some of the identities repeated from last time.


Some details for last step --

e e = N J (A)e™* HereJ,(4)isa

Bessel function of integer order m.

0, vt
'OcosH and o =

c P

In our case, 4 =

. yo . o0 ; Y
00 iw(t—=—cos @sin(vt/ p)) Q) 00 iot(w—m—))
[ e < =>J, ( pcos@jj dte  *

C _

=—00

:i J ( cos9j27z5(a) m—)
Jo,


Presenter Notes
Presentation Notes
Some of the identities repeated from last time.


.

Astronomical synchrotron radiation -- continued:
Note that:

i(w0—m2)t

[“dre "7 =228 - m>).
B B

C (o) = ZmZJ ( . cosHj&(a) m;)

dJ (A)

where J (A) =
dA

Similarly:

ia)(t—ﬁcos Osin(vt/ p))

C (w)= J-OO dtsin@cos(vt/ p)e

_27Ttan6? ZJ ( pcos@j&(w m—).

v/ic g c Jo,


Presenter Notes
Presentation Notes
More details.


Some details:

za)(t——cos @ sin(vt/ p))

C (w)= j dtsinOcos(vt / p)e

_io® cos Osin(vt/ p) C d —io cosOsin(vt/ p)
Note -- cos(vt/ p)e ¢ = ‘

—iwv cosO dt
Integrating by parts and assuming vanishing boundary values:

C

C (w)=

C Slne za)(t—gcosesin(vt/p))
j dt e

v cost

:2ﬂtan¢9 ZJ ( cos@j5(a) m—)
[ — P



®
Astronomical synchrotron radiation -- continued:

In both of the expressions, the sum over m includes both
negative and positive values. However, only the positive
values of o and therefore positive values of m are of
interest. Using the identity: J_ (A4) =(-1)"J, (A), the
result becomes:

2 2 2 n2
d-l _qa),BS’

dodQ ¢
. 2 tan’ O 2
Whelre:J’5225(60—7711){{[;1 (%cosﬁﬂ + ezm . {Jm (%cosé’ﬂ }
— Jo, C v /c C

These results were derived by Julian Schwinger (Phys. Rev.
75, 1912-1925 (1949)). The discrete case is similar to the
result quoted in Problem 14.15 in Jackson's text (with

020+ 7/2).


Presenter Notes
Presentation Notes
Comment  on the relevance of the results.


Comment on light source facilities and the newer free

electron laser technology

A ¢ REVIEW

il
REVIEW: .

Free-Electron Lasers: Status and Applications

Patrick G. O'Shea’ and Henry P. Freund®

A free-electron laser consists of an electron beam propagating through a periodic
magnetic field. Today such lasers are used for research in materials science, chemical
technology, biophysical science, medical applications, surface studies, and solid-state
physics. Free-electron lasers with higher average power and shorter wavelengths are
under development. Future applications range from industrial processing of materials
to light sources for soft and hard x-rays.

DOI: 10.1126/science.1055718
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tions at wavelengths down to 1 ﬁl., and this is
illustrated by the peak bnlhance of a wide
range of the present-day synchrotrons and the
projected performance of FELs (Fig. 3) (7).
Conscquently, applications in the x-ray re-
gion will undergo an upheaval similar to that
which followed the invention of the laser at
visible wavelengths.

Ultraviolet FEL oscillators using clectron

o 1NN . S S S . IR LR .

19
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REVIEW:

Free-Electron Lasers: Status and Applications

Patrick G. O'Shea” and Henry P. Freund?

1035

LU I ]||||T|I I Tlllllll LLLLLL LILLRLLLL
SCIENCE VOL 292 8 JUNE 2001
TESLA o Om
SASE FELs
1033 uinl
TTF-FEL
M) e ¥
1031 ot
LEUTL —
TESLA
] 020 spontaneous
A1b-FEL Spontangous Spectrum Uncuimnas
- SASE FEL
S oz T
T 1027
(=]
=
=
&
=W
SPring8
1025 Undulator e
TTF-FEL ESRF-Undulator
spontan. (ID23) —
23 APS sl
] 0 Undulator
BESSY-II
U-49 wmy
BESSY-II
1021 M PETRA 4y
Undulator
ALSUS0
1019 covl ol ul 1 vl
101 102 103 104 105

04/09/2025

Energy [eV]

Fig. 3. Peak brilliance
of x-ray FELs and undu-
lators for spontaneous
radiation at the TESLA
Test Facility, in com-
parison with synchro-
tron radiation sources.
Brilliance is expressed
as photons s~ mrad—2
mm™~2 per 0.1% band-
width. For comparison,
the spontaneous spec-
trum of x-ray FEL undu-
lators is also shown. The
label TTF-FEL indicates
design values for the
FEL at the TESLA Test
Facility, with (M) for
the planned seeded
version (28).


Presenter Notes
Presentation Notes
Data from a review article on Free Electron Lasers


Additional references on Free Electron Lasers

https://doi.org/10.1016/j.xinn.2021.100097

5 J-ML.]. Madey
Stimulated emission of bremsstrahlung in a periodic magnetic field
J. Appl. Phys., 42 (1971), pp. 1906-1913, 10.1063/1.1660466
[2 View PDF  View Record in Scopus  Google Scholar

6 D.A.G. Deacon, L.R. Elias, ].M.J. Madey, G.J. Ramian, H.A. Schwettman, T'L
Smith
First operation of a free-electron laser

Phys. Rev. Lett., 38 (1977), pp. 892-894, 10.1103/PhysRevLett.38.892
L View PDF  Google Scholar
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https://doi.org/10.1016/j.xinn.2021.100097

Components of the FEL
1. Electrons moving in circular path segments
2. Self-amplified spontaneous emission (SASE)

Often designed for the X-ray range

Jefferson Free Electron Laser Lab in VA is designed in
the microwave < —>infrared range
https://www.lab.org/FEL/felspecs.html

Jefferson Lab > Accelerator > FEL
o
‘ (¥

¥  Free-Electron Laser

FEL Home

About the FEL The FEL Program at Jefferson Lab

« Description

« Scientific Information Jefferson Lab operates a kilowatt-class, high-average-power, sub-picosecond free-electron laser, covering the mid-
« Applications infrared spectral region. On July 21, 2004, 10 kilowatts of cw operation was achieved at a wavelength of 6 microns.

This was extended on Oct. 30, 2006 to 14.2 kilowatts of cw light at 1.6 microns. Extensions of the FEL to 250nm in the
UV are planned. The short pulses of electrons also produce hundreds of watts of broadband THz light, which is made
available in a special user laboratory.

» Terahertz Light
» Publications & Workshops

« BAIRWeb
o bmE e The laboratory also operates an ultraviolet free-electron laser which on August 31, 2010 lased in the spectral region
* FEL Status down to 363 nm with 100W average power levels. Harmonics around 10 eV photon energy are expected to be present

« Nanotubes Live at the 100 mW level.


https://www.jlab.org/FEL/felspecs.html

)
Back to fundamental processes — Thompson and Compton

scattering (see section 14.8 in Jackson)

Some details of scattering of electromagnetic waves
incident on a particle of charge g and mass m,

r Incident electric field:

E,.(r,t)= ER(‘(;oEoeikO.Hm)



Presenter Notes
Presentation Notes
For next time.


S
Thompson scattering -- classical picture

Some details of scattering of electromagnetic waves
incident on a particle of charge g and mass m,

Incident electomagnetic wave:

N k, propagation direction

g, polarization direction
Ky r—iot
} E,. (r.0)=R(g,E,e™" ™)

Scattered radiation:

lé)-————————

P LT e RE—

I observed position

€.,€, polarization directions


Presenter Notes
Presentation Notes
Consider the effects of a charged particle encountering an electromagnetic wave.


.

Thompson scattering — non relativistic approximation

Power radiated in direction r by charged particle with acceleration v :

dP 4"~ i AP
£ Lo

Suppose that the acceleration v of a particle (charge g and mass m_ )

is caused by an electric field:  E(r,z) =R ( e E, eiko-r—iwt)

V= miqin (80 Ege™ ™)

dP Rl
Time averaged power: (—— )= . > ‘Eo‘z
dQ/ 8z mc

f'><(f'><80)‘2


Presenter Notes
Presentation Notes
The power generated in the far field approximated by the non-relativistic limit, is given here.    Now we consider that the particle acceleration is due to the oscillating electric field.    The power of the radiation of the particle is then given here.


What assumptions are made to conclude that

V= iER(aoEoe"k""'_"“"") ?

q

Is it always true?

04/09/2025 PHY 712 Spring 2025 -- Lecture 31
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Comment on acceleration

Lorentz force: F =q(E + Y x B)

C

For v <<¢, the dominate force on a charged particle 1s from the

electric field. According to Newton:

dv . kr—iw
m,— = m,V = gE(r,t) = gg E ™"



.

Thompson scattering — non relativistic approximation -- continued
2

. P
Time averaged power: ar S > ‘Eo‘z
dQ)| 8z\ mc

I =sind(cos¢g X+sing §)+cosdz

f'x(f‘xao)‘z

Polarization of incident light: ¢, = X

w—-—-—————

Polarization of scattered light:

>y

g = cos8(§c0s¢+§sin¢)—2sin9

\\
N
\\
N

X € 82:—§sin¢+§cos¢

Are these polarizations unique?
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Presenter Notes
Presentation Notes
By evaluating the radiation geometry, we can determine the power distribution.


Note that we are associating the vector I X (f' X \'7)
with the polarization of the light. Why?

Liénard-Wiechert fields (cgs Gaussian units):

o= ) (- 2) (o () )]

(19)
—R xXv v?  v-R R Xxv/c
B(r,t) = 2 (1-Z+ ) - /2 | (20)
“LR-F) “ ¢ (R—*2)
In this case, the electric and magnetic fields are related according to
R x E(r,t
B(r,t) = R(r’ ). 21
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Thompson scattering — non relativistic approximation -- continued
2

° P 2
Time averaged power: ar S > ‘Eo‘z
dQ)| 8z\ mc

I =sind(cos¢g X +sing §)+cosdz

f‘x(f‘xao)‘z

Polarization of incident light: &, =x

lé)-————————

>y Polarization of scattered light:

I x(fxg,)=r(F-g)—¢, (perpendicular to F)

P T e —

denote scattered light polarization by &

g (Fx(Fxg)))=—¢ g,


Presenter Notes
Presentation Notes
The radiated field is polarized perpendicularly to the propagation direction so that the power depends on the dot product of radiation polarization and the incident polarization.


.

Thompson scattering — non relativistic approximation -- continued

. dP
Time averaged power: < >— 1 > ‘Eo‘z

2
C

f‘x(f‘xao)‘z

aQ/ sz m,c
I =sind(cos¢g X +sing §)+cosdz

r Incident light polarization: g = x

Polarization of scattered light: €

Linear combination of

lé)-————————

g = cos@()}cos¢+§'sin¢)—2sin9

>y

<

€, = —§sin¢+§7003¢
ol )= (sl s ) =(eos” 0o ) s )

=lcos26’+l
2 2

P T e —



Presenter Notes
Presentation Notes
Evaluating the dot products for this geometry.


.

Thompson scattering — non relativistic approximation -- continued
Time averaged power with polarization &*:

2
dP c| g’
<E> = - (m 2 ] ‘EO‘z ‘g * '80‘2
q

Scattered light may be polarized parallel to incident field
or polarized with an angle 6 so that the time and
polarization averaged cross section is given by:

1 1
<‘8*.80‘2>¢ :<‘81 .80‘2>¢ +<‘82 .80‘2>¢ :502082 043

2
. 1
Averaged cross section: da -| 4 > —(1 +cos” 9)
dQ m.c” | 2

This formula is appropriate in the X-ray scattering of
electrons or soft y-ray scattering of protons



Presenter Notes
Presentation Notes
Summary of results in the non-relativistic limit.


@hompson scattering — relativistic and quantum modifications

Incident photon

Conservation of momentum and energy:
p=p'cosf+p' cosa pc=hw

0=p'sind—p' sina p'c=hw'

ha)+ch2 =hw'+ \/p'q2 c’ +(chz)2
p 1
+ (1—cos6)

m02
q



Presenter Notes
Presentation Notes
When the photon energy is comparable to the rest mass energy of the charged particle, we have to consider momentum and energy conservation.  This was ferst analyzed by Compton.   Your homework asks you to examine the Compton scattering relationships.


Some details --

p=p'cos@+p' cosa  0=p'sind—p' sina

(p'q)2 :(p—p'cosé’)2 +(p'sin<9)2 =p>—2pp'cos@+ p"

(ha)+ m,c’ —P'C)2 = (P'qz ¢+ (chz )2) =p°c® —2pp'c*cos@+ p”c’ + (chz)z
p'c’ =2pp'c® + p¥c’ +2mc’ (pe—p'c)+ (chz )2

:p2(32—2pp'020089+p'262+(chz)2

Simplifying: —2pp'c’ + 2mq,c2 (pc — p'c) =-2pp'c’cosb
pp'c*(1—cos@)=(pc—p'c)

hwz(l—cosé?)zﬁ'—l P - 1

My P P14 6()2 (1-cos®)

qu



In fact, the more accurate treatment by Klein and Nishina
gives
Klein-Nishina formula

2 2 ' 2 '
<d_6>: 9 - P l P +p—sin2¢9
dQ) m,c p)2Up p

! 1
where: P _ —
P 1+-=2(1-cos0)
m,c
Note that for —<<1 this simplies to P
m,c p

5 2
do\_|_4 l(1 +cos” 9) as previously derived
dQ 2

m02
q



.

Modified Thompson scattering cross section

<

do
dQ)

>

0.8-
0.6

0.2-

04/09/2025

0.4-

ho _ 55

5=

ho

mc

=0.5

20 40 60 80 100 120 140 160 180

0
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Presenter Notes
Presentation Notes
Plot of the changes to the Thompson cross section due to the Compton effect.
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