PHY 712 Electrodynamics
10-10:50 AM MWF Olin 103

Discussion for Lecture 32:
Including topics from Chaps. 13 & 15 in JDJ

1. Radiation from collisions of charged
particles

a. X-ray tube
b. Radiation from Rutherford scattering

2. Cherenkov radiation
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Presenter Notes
Presentation Notes
In this lecture we will discuss some examples of radiation due to charged particles colliding.  It is a complicated topic which quite a few famous physicists have worked on.   We will also briefly discuss Cherenkov radiation.  
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Presenter Notes
Presentation Notes
This is the revised schedule, subject to your input.


PHY 712 -- Assighment #28

Assigned: 4/11/2025 Due: 4/14/2025

1. In the context of analyzing Cherenkov radiation , we considered a particle of charge ¢ moving at constant velocity v along
the x axis producing electric and magnetic fields at time f at a position r in the x-y plane. The fields can be evaluated using
the Liénard-Wiechert analysis given in Lecture 32 for example, evaluated at the retarded time ¢,

The analysis depends on the ratio of the speed of the particle v to the speed c¢j, of electromagnetic waves with the medium
-- Bn. We showed the following relationship between the lengths R(t), R(t,), and the angle 8 with the x axis.

R(t)= ﬂRf’)l(@, cos 0+ 1- B sin’ 9)

n

a. First consider the case of the particle moving in vacuum so that 8, < 7 . Determine the physical solutions in terms of

choice of signs and range of angles 0 for this case.
b. Now consider the case of the particle moving in a dielectric medium and moving fast enough so that 8, > 1.

Determine the physical solutions in terms of choice of signs and range of angles 6 for this case.
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PHY 712 Presentation Schedule

Friday 4/18/2025
Presenter Name Topic
10:00-10:24 | Edoardo Levati Seli-force
10:25-10:50 | Pablo Polarization in Kerr geometry
Wednesday 4/23/2025
Presenter Name Topic
10:00-10:24 | Thomas Myers Ising Model
10:25-10:50 | Conall O'Leary
Friday 4/25/2025
Presenter Name Topic
10:00-10:24 | Julia Radtke
10:25-10:50 | Bhargava Jogi R

04/11/2025
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Generation of X-rays in a Coolidge tube
https://www.orau.org/ptp/collection/xraytubescoolidge/coolidgeinformation.htm

Tungsten Anode Electron Beam

Cathode

|

Anode Arm

I

Cathode Arm

X-Ray_Be_am

. . .
" . 5
- — . . .

Invented in 1913. Associated with the German word

“bremsstrahlung” — meaning breaking radiation.
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https://www.orau.org/ptp/collection/xraytubescoolidge/coolidgeinformation.htm

http://www.ndt-ed.org/EducationResources/CommunityCollege/Radiography/Physics/xrays.htm
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http://www.ndt-ed.org/EducationResources/CommunityCollege/Radiography/Physics/xrays.htm

®
Radiation during collisions of charged particles

These ideas are presented in Chapter 15 of JDJ and were
developed by many famous scientists during the early 1900’s.

—B(t)
AB >
B(t) @ =5 (t+At)

€

, 1s in the plane of p and r

¢, 1s perpendicular to the plane of B and r
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Presenter Notes
Presentation Notes
Starting from the intensity analysis for radiation due to a charged particle moving in a trajectory with beta representing its velocity/c.    We will consider the velocity changing due to a collision process and analyze the radiation at small frequencies.


Results from previous analyses:

Spectral intensity of radiation from accelerating charged particle :
12

d2[ _ qz jdt el.a)(t_f.,Rq([)/c) d _f'X(fXB)
dodQ 4r’c dt| 1-r-p

Note that in the following slides we are taking the limit ®>0
but keeping the notation of the differential intensity....

For a collision of duration 7 emitting radiation with polarization € and frequency

w — 0;
1 & Bure) __P0) | Ns:eet:;(cgll:r tor
dodQ  4rc| \1-F-B(1+7) 1—-F-B(r) pPerp u -



Radiation during collisions -- continued
For a collision of duration 7 emitting radiation with polarization

¢ and frequency @ — O:
d’l__ ¢ | [_Blerz)  B() 2
dodQ  4rxc| \1-t-B(t+7) 1-F-B(¢)

We will evaluate this expression for two cases:

Non-relativistic limit:

d’l 2 2
L L () AB=B(r+0)-B(0

Relativistic collision with small |AB|=B(¢+7)—P(¢) :

2 . .
d2] B qZ S[AB+fX(BXAB)] In the limit B%O, this

=— IS the same as the
dwdC) 4r°c non-relativistic case.
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Presenter Notes
Presentation Notes
For beta<<1, we can neglect the denominator of the expression and obtain the non-relativistic expression.   It is also convenient to analyze the relativistic case when the change in velocity is small.


Radiation during collisions -- continued

Relativistic collision with small ‘A[i‘ :

d’l ¢’ /AB+f'><([3><AB)\
dodQ  4r’c \ (1_f.[5)2 )

Ap

Also assume AP 1s perpendicular to P direction

Expressions (averaging over @) for || or L polarization:

d’l, _q ‘AB‘Z (8 —cos@)" polarization in rand g
dodQ  8r°c (1—180036’)4 plane

d’l, 4 |, ap 1 polarization perpendicular
=1_|A
dod O 872'26" m > to rand ﬂ plane

04/11/2025

gl—ﬂcosé’
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Presenter Notes
Presentation Notes
It is convenient to consider two different polarizations of the radiation – parallel (meaning in the plane of the observation point r and the initial velocity of the particle) and perpendicular (meaning perpendicular to that plane).


.

Some details:

(using geometry of
Fig. 15.2 in Jackson)

N

X P=pz I =sin &x + cos 0z

A

g =—cosOXx+smbz & =Yy

AB _ A,B(COS ¢§( +sin ¢§,) Note: This is a wild

assumption!
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Presenter Notes
Presentation Notes
Showing the detailed geometry of the scattering process.


Some details -- continued:

—

Consistent with

I =sin@x +cos 0z | radiation from
n n . a charged

&, =Y 8” =—co0S O@x+sinfz _J  particles.

ﬁ — ,Bi Convenient geometry

AP = A,B(cos @X + sin ¢§7) Wild guess
AB+f‘><([3><A[5) :AB(I—f‘-[S)+[5(f‘-A|3)
g -(AB+Ex(BxAB))=ABsing(1- Beosb)
g -(AB +f‘><([3><AB)) = A,Bcos¢(,8—cos@)
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Presenter Notes
Presentation Notes
Evaluating the vectors.


®
Radiation during collisions -- continued

Intensity expressions: (averaging over ¢)
o A ‘2 (8 —cos 6?)2
dodQ 8r’c (1—18(;056’)4

d’l, ¢’ 2 1
— 9 2 ‘Am 2
dodQ  81’c (1-Bcosb)

Relativistic collision at low @ and with small

‘Am and AP perpendicular to plane of r and f,

as a function of & where r-p = S cos¥,;

Integrating over solid angle:

ﬂzj.dg(dl d’1, J 2.0 2 gy

dw dodQ) dwdQ) 3r ¢

04/11/2025 PHY 712 Spring 2025-- Lecture 32
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Presenter Notes
Presentation Notes
It is possible to analytically integrate over all solid angles.


.

Some more details:

d’l, (,8—0089)2

de ‘Aﬁ‘ ZﬂijOSQ

d0d0 87z c (1- Bcosb)’

(ﬂ)

Al _ ‘AB‘ Idcos@ : .
dwdQ 87z c ’ (1-BcosO)

(ﬁ)

47zc

| a0

47zc

dI d’1, LA )2 g
—:de( j L2 |ap[

dw da)dQ dwd 37z C


Presenter Notes
Presentation Notes
Some details of the analysis.    With all of these considerations,   we still need to estimate delta beta.


Need to consider the mechanics of collision;
it is convenient to parameterize in terms of
momentum --

Estimation of AB

AB .

%
Momentum transfer: ﬁ

Qc = ‘p(t + 2') —p(t)‘c ~ yMe? ‘Am mass of particle
having charge q

dal 2 g’ %

do 37 c

2 q2
37 M’

7’ |AB[ =

What are the conditions for the validity of this result?

04/11/2025 PHY 712 Spring 2025-- Lecture 32 15



What are possible mechanisms for the momentum
transfer Q7



Estimation of AB or Q -- for the case of Rutherford scattering

%, AB q

Assume that target nucleus (charge Ze) has mass >>M;

Rutherford scattering cross-section in center of mass analysis:

do [ 2Zeq 2 1

d_Q_[ pv j (2sin(672)) P
Assuming elastic scattering: a Q
0* =(2psin(672)) =2p*(1-cos6") p

04/11/2025 PHY 712 Spring 2025-- Lecture 32 17


Presenter Notes
Presentation Notes
Delta beta will depend on the particular system.    As an example, consider the case of Rutherford scattering..    Here are some of the equations we used in classical mechanics class.


%ase of Rutherford scattering -- continued
Rutherford scattering cross-section:

do [ 2Zeq 2 1
d—Q_( pv j (2sin(¢9'/2))4
d_G_J‘dG dQ| . |

dQ 5.dQ dQ\ng
dQ=dep'dcosb'

0’ :(2psin(6"/ 2))2 =2p*(1-cos@")

P
dQ =—-—d cosf'
0

do Zeq ) 1 Does the algebra
= ——=8z Be ) O work out?

dQ)
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Presenter Notes
Presentation Notes
It is convenient to express the results in terms of the momentum transfer Q.


%ase of Rutherford scattering -- continued

iy dI da:[ 2 qj 3Q2][87{Zeq] 13]
dodQO dodQ |37 M- c Pc ) O

04/11/2025 PHY 712 Spring 2025-- Lecture 32
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Presenter Notes
Presentation Notes
It is of interest to estimate the probability of the radiation occurring which depends on the product of the radiation intensity for a given momentum transfer and the cross section as a function of momentum transfer. 


@Differential radiation cross section -- continued

Integrating over momentum transfer
f J0 dy _16(Ze) (¢ ) 1 [ O
" dodQ 3 c M) g2\ Q.

How do the limits of Q occur?

Jackson suggests that these come from the limits of
validity of the analysis.

1. Seems like cheating?
2. Perhaps fair?


Presenter Notes
Presentation Notes
But we are not done.     Thinking of the case of the charged particle moving through the target material, there will be a range of momentum transfers that should be integrated as indicated here.     Note that we have assumed that the frequency of the radiation is very small.    Here we consider how frequency might ener this analysis.


Comment on frequency dependence --

Original expression for radiation intensity:
- —12

d’l _ q2 J‘dt eiw(t—f‘-Rq(t)/c)d f‘X(f'XB)
dwdQ 4r’c dt| 1-r-p

In the previous derivations, we have assumed that

a)(t—f'-Rq(t)/c) <<1.

a)(t—f‘-Rq(t)/c):a)(t—f'-_:[dt'[}(t')jzwr(l—f-{[i})

In the non-relativistic case, this means w7 <1.

Here ris the effective collision time.



How to estimate the collision time?

Jackson uses the following analysis in terms of the
Impact parameter b:

Using classical mechanics and assuming v < ¢ :

Tzé<<l and QzZZeq
VW bv
Assume that Q_. = 22eq _ ZZezq @

V V

max



Differential radiation cross section -- continued

Radiation cross section in terms of momentum transfer
QT o Lx _16(Ze) (¢ ) 1, (0,
"~ d a)dQ 3 ¢ (M) B 0.

Note that: 0° =2p*(1-cos@') =Q,. =2p

In general, Q_. 1s determined by the collision time

2Zeqw

2
V

Radiation cross section for classical non - relativistic process

2
a :16(28)2 q" | 1 In AMY A= “fudge factor”
do 3 ¢ \Mc®) B> \Zeqw of order unity

condition wr <1 =0 . =



Presenter Notes
Presentation Notes
Hans Bethe considered this problem and also introduced a “correction” for quantum effects.


Cherenkov radiation

Cherenkov radiation emitted by the core of the Reed Research
Reactor located at Reed College in Portland, Oregon, U.S.
Cherenkov radiation. Photograph. Encyclopesedia Britannica
Online. Web. 12 Apr. 2013.

http://www.britannica.com/EBchecked/media/174732
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Presenter Notes
Presentation Notes
This is a view of Cherenkov radiation with its typical blue glow.

http://www.britannica.com/EBchecked/media/174732

The Nobel Prize in Physics 1958

Pavel A. Cherenkov
II'ja M. Frank
Igor Y. Tamm

Affiliation at the time of the award: P.N. Lebedev Physical
Institute, Moscow, USSR

Prize motivation: "for the discovery and the interpretation of
the Cherenkov effect."

https://www.nobelprize.orq/prizes/physics/1958/ceremony-speech/
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Presenter Notes
Presentation Notes
A Nobel prize was awarded for the discovery and explanation of this phenomenon.

https://www.nobelprize.org/prizes/physics/1958/ceremony-speech/

References for notes: Glenn S. Smith, An Introduction to
Electromagnetic Radiation (Cambridge UP, 1997), Andrew
Zangwill, Modern Electrodynamics (Cambridge UP, 2013)

Cherenkov radiation
Discovered ~1930; bluish light emitted by energetic
charged particles traveling within dielectric materials

Note that some
treatments give a
different definition
/ of the critical
angle 6,

04/11/2025 PHY 712 Spring 2025-- Lecture 32
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Presenter Notes
Presentation Notes
A diagram describing the phenomenon.


.

From: http://large.stanford.edu/courses/2014/ph241/alaeian2/

Electric field direction

.........

Particle velocity
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Presenter Notes
Presentation Notes
Snapshots of the particle as it moves through the medium  and of the wave fronts generated.

http://large.stanford.edu/courses/2014/ph241/alaeian2/

For/ v/c<1:

t 1 ! V
tr3 r2 d

/23 \ For v/c>1
% Ao

e tro t t v
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Maxwell's potential equations within a material having permittivity

and permeability (Lorentz gauge; cgs Gaussian units)

1 0°® 4
VO - s — 2 =——0p Here the values of pand ¢
ot g .
depend on the material and
VIA ﬂgLa ‘;“_ 4mu g on frequency.
ot c

Source: charged particle moving on trajectory R (t):

p(r,t)=q5(r—Rq (t)) W
J(r.t)=qR, (1)5(r-R, (¢)) ¢


Presenter Notes
Presentation Notes
Analysis of the scalar and vector potentials in the dielectric medium due to the particle of charge q.


Liénard-Wiechert potential solutions for charged particle
moving within a material with refractive index n:

[ 1 :
D(r,t)= ‘R B R(L)

) B,
“IR(1)-B, R(1,)



Presenter Notes
Presentation Notes
Find the Lienard Wiechert solutions within the medium.    Here, the major difference from previous solutions is that the wave speed cn depends on the refractive index of the medium.



Example --

C

= cC = — =

Py c, " J LE n Py C
3

Consider water with n = 1

Which of these particles could produce Cherenkov radiation?
A neutron with speed c?

An electron with speed 0.6¢?

A proton with speed 0.6¢?

An electron with speed 0.8c?

An alpha particle with speed 0.8c?

None of these?

2Bl



Further comment —

As discussed particularly in Chap. 13 of Jackson, a particle
moving within a medium is likely to be slowed down so that

the Cherenkov effect will only happen while ,>1.



Recall — in Lecture 29, we considered a particle moving
at constant velocity v in vacuum:

A y A y’ R, (t)=vtX r=by
R=by—-vt X R=\Vt +b’
- hp
4 vV =VX t =t——
b~ c
q
- > % > X’
R 2
z z B0 = . RY {(R_V_jil_v_z}}
V- C C
R—
o)

Electric and magnetic

fields produced - _
P B(r,?) _4 Rxv

c (R_V.Rf (l_i_ij
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Some details for vacuum case --

ot {(r-22)1-2)

For our example:
R (z)=vtx  r=by

R =by—vt X R=\/V2t2+b2
"R 2 y—Wvi, r
B(r,n) =1 — S(I—V—z]
c (R_V.Rj c vk PR
C
C ]
i . I | ’
¢t must be a solution to a quadratic equation: ~ where —<1; y =
C 1_%

c

R
t—t=—— = =27tt +yt—y°b* /=0
C

with the physical solution:

t = (yt \/(7/ ~D*+b°/ 2) (yt—\/(vﬂ)%rbz}

C




- 1
For Cherenkov case -- r

Consider a particle moving at constant
velocity v; v>c,
Some algebra

R(t)=r—vt

R(t)=r—vt, =R(t)+v(t—1t)
(1=t.)e, = R(1,)=[R(1)+v(1=1,)
Quadratic equation for (1 —1¢ )c, :
((t—t,,)cn)2 =R*(t)+2R(¢)-B, (t—t.)c, + B ((t_fr)cn)z
(ﬂnz ‘1)((“6)%)2 +2R(¢)-B,(t—t.)c, +R*(¢)=0
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Presenter Notes
Presentation Notes
For the vacuum case  v<c, but not it is possible for v>cn.   Here we can solve the quadratic equation for the variables of the problem.  The physical solution must be positive.


Quadratic equation for (¢—1,)c, = R(z,):

(B2 =1)((1=1,)e,) +2R(2)-B, (1=1,)c, + B (1) =0

For 3,>1, how can the equality be satisfied?
1. No problem
2. It cannot be satisfied.
3. It can only be satisfied for special conditions

From solution of quadratic equation:

R(1)B, £ (R(1)-B,) (87 -1) R (1

(t_tr)cn =R(z,) = ,an—l

= R(?)-B, <0 (initial diagram is incorrect!)

Moreover, there are two retarded time solutions!
04/11/2025 PHY 712 Spring 2025-- Lecture 32 36



Original
diagram:

What is the significance of

New di :
ew diagram changing the diagram?

R(?)
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R(¢)=r—vt, =R(t)+v(t—t,)

(1-1)c, = R(,)

050 <0=> 0> R(tr;—R t)B, =
(t=1,)e, (1-5;)-R(1)B,
cos@vstf{(r)-e =R(1,)(1-B;)-R(¢)-B,
R(1)B, £\ (R()B,) (5.2 -1)R (1)
B -1
(-, cos02 1= sin’0) = (-1, )<,

vt

Vi

R(t)-R(z)-B, =FR(1)\1- B, sin> 0

04/11/2025 PHY 712 Spring 2025-- Lecture 32 38


Presenter Notes
Presentation Notes
Continuing the analysis for the variables needed to determine the scalar and vector potentials.


S
Recall the Liénard-Wiechert potential solutions:

[ 9 1
D(r,t)= ‘R B R(L)

t 3
A(l',) qlu‘ (t,,)—lin°R( )



Presenter Notes
Presentation Notes
Find the Lienard Wiechert solutions within the medium.    Here, the major difference from previous solutions is that the wave speed cn depends on the refractive index of the medium.



%énard-Wiechert potentials for two
solutions:

q |
D(r,t)=
(r:) & ‘$R(t)\/l—,8n2 sinzé"

cos6’<0:>0>%

o(t)

vi

For > 1, the range of 6 1s limited further:

R(t)= ,BR(t) ( B, cos<9+\/1 B sin H)>O

:‘sin@‘SLE‘sinHC‘ and 7260, 27/2 cos 0, =— I—L2
B, \ B

In this range, 6 > 6,
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Presenter Notes
Presentation Notes
In order for the analysis to be consistent,   cos(theta)<0 and sin(theta)<1/beta.


R(t,)/R(Y)

R(tr):ﬁR(t)l( -B, cos@+\/1 B sin 9)

0.8
0.6 B.,=2
0.4-

0.2-

150 | 160 | 1?0 | 150
6
=150 for this case
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Presenter Notes
Presentation Notes
Plot showing two solutions as a function of theta for a particular beta.


Physical fields for 3,, > 1 -- two retarded solutions contribute

O <sin”' [Lj
A,
]
Define cosf. =— [I-—
' 5,

= cos 0 < cos0,

0(t)

t, vt
Adding two solutions; in terms of Heaviside ®(x):
D(r,t)= 24 ! O(cos . —cos O(1))
& R(t)\1-p,*sin*

A(r,t)=2qu b, O(cos b, —cos (1))
R(t)\/1- 3, sin’ 6
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Presenter Notes
Presentation Notes
Here we use the Heaviside step function to ensure that the angle theta is in the correct range.


Physical fields for 3,, > 1
2q 1
& R(t)\1- B, sin* 0

A (r, t) =2qu b, O(cosb,. —cosO(1))
R(t)J1- B, sin* 6

®(r,t)=

O(cosb,. —cosO(t))

E(r,t):_vm_ciaa_‘j‘ B(r,/)=VxA

2q R
E(r,t)=
(<21 & (R(t))' \1- 3, sin> 6
_ :an —1 . 2 _
[ 1_ B sin 0 O(cos . —cosO(t))++/B,” —1 6(cosb,. —cos H(t))]
B(r,t)=-5, sin@(éxE(r,t))

X



Presenter Notes
Presentation Notes
Summary of results for potentials and the corresponding electric and magnetic fields.


From these results, we need to generate the
power spectrum — following the approach in Sec.
23.7 in Zangwill’s textbook.

When the dust clears, it can be shown the Cherenkov intensity per

unit path length, per frequency is given by --

d’1
dido (£ -1)

. c c v
Noting that ¢, = = B =—

n(w) - le(w) c,

d*1 v 27 e
@ e(w)—-1|=—| e(w)—-—1
dldw [E( = j p (( = j




Visible Light Wavelengths --

700 600 500

Visible Light Region of the Electromagnetic Spectrum

About the thickness of a soap bubble membrane

If &~1.8 for water, what

dz 7 o) 2 is the slowest particle speed
oC —72- e(a)) ——1 that can generate Cherenkov radiation?
dldw A C a. v=0.9c
b. v=0.8c
c. v=0.7c

d v=0.6¢c
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