PHY 712 Electrodynamics
10-10:50 AM MWF in Olin 103
Plan for Lecture 7:
Continue reading Chapters 2 & 3

1. Methods of images -- planes,
spheres (JDJ Sec. 2.1-2.7)

2. Solution of Poisson equation in
for other geometries — cylindrical

(JDJ Sec. 3.7-3.8)
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Physics

Colloquium

Neutron scattering: its history,
philosophical implications, and its use to
probe quantum materials

In the first half of this talk I give a history of
neutron scattering, developed at Oak Ridge
National Laboratory during the Manhattan
project to build an atomic bomb. This technique
gave some surprising insight into many-body
quantum physics, such as spontaneous
symmetry breaking and direct evidence of
quasiparticles. Both philosophical concepts
radically changed the way contemporary
physicists view reality. In the second half [ will
discuss my work using neutron spectroscopy to
solve current problems in quantum condensed
matter: (i) using neutron scattering to search for
and characterize quantum spin liquids (proposed
states of matter exhibiting stable long-range
quantum entanglement) and (ii) witnessing the
presence of solid-state quantum entanglement
between electron spins.

- Thursday -

January 30,
2025

Dr. Allen Scheie
MPA-Q Division
LLos Alamos National
Laboratory

4 PM in Olin 101

Reception 3:30
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Course schedule for Spring 2025

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW| Due date
1 |Mon: 01/13/2025 |Chap. 1 & Appen. (Introduction, units and Poisson equation #1 101/15/2025
2 |Wed: 01/15/2025 |Chap. 1 Electrostatic energy calculations #2 101/17/2025
3 |Fri: 01/17/2025  |Chap. 1 Electrostatic energy calculations #3 101/22/2025
Mon: 01/20/2025 |No Class ¢ 5 Martin Luther King Jr. Holiday

4 Wed: 01/22/2025 |Chap. 1 Electrostatic potentials and fields #4 101/24/2025
9 |Fri: 01/24/2025 |Chap.1-3 Poisson's equation in multiple dimensions

6 |Mon: 01/27/2025 |Chap.1-3 Brief introduction to numerical methods #5 101/29/2025
7 |Wed: 01/29/2025 |Chap.2 & 3 Image charge constructions #6 /01/31/2025

1/29/2025
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PHY 712 -- Assignment #6

Assigned: 1/27/2025 Due: 1/31/2025
Continue reading Chap. 2 in Jackson.

1. Eq. 2.5 on page 39 of Jackson was derived as the surface change density on a sphere of radius a
due to a charge g placed at a radius y > a outside the sphere. Determine the total surface charge on
the sphere's outer surface.

2. Now consider the same system except assume y < a representing the charge q being placed inside
the sphere. What is the surface charge density and the total charge on the inner sphere surface in
this case?
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Survey of mathematical techniques for analyzing
electrostatics — the Poisson equation

VzCD(r) _ P(r)
)

. Direct solution of differential equation

. Solution by means of an integral equatioriy] 2¢Pends on

, _ _ geometry;
Green’s function techniques artesian, spherical,
Orthogonal function expansions and cylindrical

cases considered in
textbook

nalll

Numerical methods (finite differences and
finite element methods)
. Method of images € today
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Method of images
Clever trick for specialized geometries:
> Flat plane (surface)
> Sphere

Planar case:

Consider a grounded
metal sheet, a distance d
from a point charge q.

+
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A grounded metal sheet, a distance d from a point charge q.

Mobile charges from the
“ground” respond to the
force from the charge q.

9
q

y

— VPO(x=0,y,z)=0
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Fiction Truth

Image charge Real charges
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A grounded metal sheet, a distance d from a point charge q.

V2D =—-L 5 (r - dk)
80

®(x=0,y,z)=0

Trick forx>0:

D(x>0,y,7)=— [ 1 1 )

- Are, ‘r — d&‘ B ‘r + d&‘

Surface charge density :

dd|(0, y, 2d
0'()7,2):80E(0,)/92):—80 (dxy Z):_4qﬂ-((d2+y2+ 2)3/2)
4



A grounded metal sheet, a distance d from a point charge q.

Surface charge density:  o(y,z) = — c 2d =
4 (d2 +y° -I-Zz)3

Note: [[dydz a(y,z)_—ﬁzﬂj( )3 _—

o(y.2)
d 9

x=0
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A grounded metal sheet, a distance d from a point charge q.

Surface charge density :

q 2d
o(y,z)=—
d 9 477((d2+y2+22)3/2j

Force between charge and sheet :

— —g°X
— F =
4rg,(2d )

Image potential between charge and sheet at distance x :

2
V(x) — —9q Note: this effect can be observed
472-50 (4x) in photoemission experiments.



Image charge methods can be used in some other geometries --

A grounded metal sphere of radius a, in the presence of a
point charge q at a distance d from its center.
r

Trick forr > a:

1
CI)(r > a) = 7 __ c .
4re, ‘r —d‘ %‘r —d
d Interpreted as
q a
— Image charge of ¢' = —qg

Located along d at (Alag



A grounded metal sphere of radius a, in the presence of a
point charge q at a distance d from its center.
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A grounded metal sphere of radius a, in the presence of a
point charge q at a distance d from its center.

Surface charge density:

. oD qg a ( _Z,_z
G(r):_go_ - 2 )  A\3/2
‘ﬂ or r=a dra” d (1+Z—2—2%r-d)

q

— Force between ¢g and sphere
1 g’(ald) _ q° ad
An6 (d—a* 1d) 47 (d°—a®)

F|=

2



Comment on HW problem #6

For #1, integrate the charge induced on the outer surface of the sphere

due to the point charge g at the point d > a.

1— 4

. q a ( dz) q a 2 d cosf

Ia(r)dS:— 4ra® d A W 3/2dS:_47mz E(l_d_z)zjmz-“ Y 32
<1+d2—2dr-d) (1+d2—2d0089)

For #2, the point charge g 1s located at a point d < a and a similar analysis follows.

Integrate the charge induced on the inner surface of the sphere.
(Answer to #2 should be different from that of #1.)
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Use of image charge formalism to construct Green’s function

Example:
Suppose we have a Dirichlet boundary value problem
on a sphere of radius a :
qu):_@ cb(rza)zo
80
VG(r,r')= 475 (r - ')

— For rr'>a: G(l‘,l")z‘ 1 ,‘_ . 12
r-r| =
a

r—%r

r

'




Analysis of Poisson/Laplace equation in various regular
geometries
1. Rectangular geometries =» previous lectures
2. Cylindrical geometries =» introduce now, continue
next time
3. Spherical geometries =» following lecture



Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with no z-dependence
(infinitely long wire, for example):

0\ Corresponding orthogonal functions from solution of

Laplace equation: V=0
1 0 oD 1 o°d

|\ PAT T 2 > =0
pop \ Op p- Op

®(p,p)= @(p,p+m2r)
—> General solution of the Laplace equation
in these coordinates:
O(p,p)=A,+Bn(p)+ Z(Amp’" +B p™" )sin(mgo +a,)
m=I
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with no z-dependence
(infinitely long wire, for example):

Note that here p means radial coordinate
/0 Green's function appropriate for this geometry with

boundary conditions at p =0 and p =0

1 ¢ 0 1 &7
— | p—= G(p,p', 0,8 =
(p@p(pﬁpj_l_ p (sz (PP 9,9")

_4ﬂ5(p_p')5(¢_¢v)
P,
Glp.p' 4.4 =—In(p 2)+2i%[‘;j cos(m(g— "))
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with z-dependence

Corresponding orthogonal functions from solution of
L)
1 Laplace equation: VO =0
1 0 oD 1 o°® 0D
— Pt ; t— =0
. 0 0p op Yoummol) 0z

O(p,0,z)= ©(p,p+m2r,z)
! ©(p.0.2)=R(p)0(9)Z(2)
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Cylindrical geometry continued:

d*7Z
2

~k’Z=0 = Z(z) =sinh(kz),cosh(kz),e™™

dz




Cylindrical geometry example:

D(p,p,z=L)=V(p,p)
®(p,p,z) =0 on all other boundaries

O(p,¢,2) =Y A,.J,(k,,p)sinh(k,,2)sin(mg+a,,)
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Cylindrical geometry example:

O(p=a,p,z)=V(9,2)
O(p,p,z) =0 on all other boundaries

O(p,p,z) = ZAmn m(nzp)sm(nzzjsin(m¢+amn)
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Comments on cylindrical Bessel functions

Ldz +1 d +(i1—m—jj]Fnj(u):0

du®  u du u
F (u)y=J (u),N (u),H (u)=J (u)xiN (u)
Fy ) =1, @)K, ()

-0.5-

_1_:

1/29/2025
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Comments on cylindrical Bessel functions

£d2 Jr1 d +(+1—m—2nF () =0

du®  u du u
F (u)y=J (u),N (u),H (u)=J (u)xiN (u)
Fy ) =1, @)K, ()

.
: K,
i N ><<)£
0/ I
_ 1
~0.51 N, 7
o
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