PHY 712 Electrodynamics
10-10:50 AM MWF Olin 103

Class notes for Lecture 9:

Finish reading Chap. 3 and start Chap. 4

1. Solution of the Poisson and Laplace equations in
spherical polar coordinates (Sec. 3.1-3.6 in JDJ)

2. Multipole moment expansion of electrostatic
potential — (Sec. 4.1-4.2 in JDJ)

a. Spherical coordinates

b. Cartesian coordinates

2/3/2025 PHY 712 Spring 2025 -- Lecture 9 1



Course schedule for Spring 2025

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading Topic HW| Due date
1 |Mon: 01/13/2025 |Chap. 1 & Appen. (Introduction, units and Poisson equation #1 101/15/2025
2 Wed: 01/15/2025 |Chap. 1 Electrostatic energy calculations #2 101/17/2025
3 |Fri- 01/17/2025 |Chap. 1 Electrostatic energy calculations #3 101/22/2025
Mon: 01/20/2025 |No Class Martin Luther King Jr. Holiday

4 Wed: 01/22/2025 |Chap. 1 Electrostatic potentials and fields #4 101/24/2025
9 |Fri: 01/24/2025 Chap.1-3 Poisson's equation in multiple dimensions

6 [(Mon: 01/27/2025 |Chap.1-3 Brief introduction to numerical methods #95 101/29/2025
7 |Wed: 01/29/2025 |Chap.2 & 3 Image charge constructions #6 101/31/2025
8 |Fri: 01/31/2025 |Chap.2 & 3 Poisson equation in cylindrical geometries #7 102/03/2025
9 [Mon: 02/03/2025 |Chap.3 & 4 Spherical geometry and multipole moments #38 02/05/2025
10 Wed: 02/05/2025 |Chap. 4 Dipoles and Dielectrics #9 102/07/2025
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PHY 712 -- Assignment #8

Assigned: 2/3/2025 Due: 2/5/2025
Complete reading Chapter 3 and start Chapter 4 in Jackson .

1. Consider the charge density of an electron bound to a proton in the ground state of a hydrogen atom -

o(r) = (1/11303) &2 \where ag denotes the Bohr radius. Find the electrostatic potential ®(r) associated
with p(r). Compare your result to the electrostatic potential given in HW#2.
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Poisson and Laplace equation in spherical polar
coordinates
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Poisson and Laplace equation in spherical polar
coordinates -- continued

Laplace equation for electrostatic potential @ (r, 0, ga) :
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Properties of spherical harmonic functions

Y, (0,9)=(-1)" Yl<_m)* (6,¢)  (standard Condon-Shortley convention)
[aoy,, (6.9)Y,, (6.9)=[sin0do dpY,, (6,0)Y,," (6,0) = 5,0

'~ mm’'

Completeness:

S%,,(6.0)%, (6'9") = 5(F — )= 5(cos8 ~cos0') (¢ ')
Im

Relationship to Legendre polynomials:

20 +1
Y, (6,0) = e B(cosb)

Relationship to Associated Legendre polynomials:
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Legendre and Associated Legendre functions

Legendre differential equation :

(%((1 X )%j FI(1+ 1))}), (x)=0

Associated Legendre differential equation :
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and the most common.



Legendre polynomials --
m=0: FE((x)=1

m=1: P(x)=x
s
m=2 Pz(x)=5(3x —1)
1
m =73 193()c):§(5x3 —3x)

1 4 2
m=4:  P(x)=—(35x" -30x" +3)
8

—> Note that by construction: P (1) =1
1
[ dep, ()R, (x) = =——3,,
2 2m+1



Some spherical harmonic functions:
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Useful expansion:
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Another useful expansion:
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Check: r =sin(f)cos(@)x + sin(f)sin(@)y + cos(0)z

R(r-r)=1
P(r-r')=r-r'=sin(f)sin(8")cos(p — ")+ cos(d)cos(8")
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Useful expansion:
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Some details --
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Even more useful identity:

1 Ar 7! :
3! :ZZZ:Z_-I rr7+1 Ylm(e gp)Ylm (@',gﬁ')

[
Which follows from the identity: P(r-r') = 2;l7z1 Z Y, (B)Y, (F)
+ m=—I[

Example for 1solated charge density p(r) with

electrostatic potential Vanishing forr —» o
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General form of electrostatic potential with boundary value

r — oo, for isolated charge density p(r):

o(r) = farr 20D

47&90 |r —r'
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Suppose that p Z sz

= Z F, (r)Y, (0.¢) where
Im

1 | 1 r + ' ' © - ' '
F, (r)= . 2l+1( z+1_[ r* dr plm(r)+rl_‘; r”drplm(r )j
In summary:
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Example --
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Another example:

qrsing cosp _ gr [l S—E(YH(Q,q))—YH(@,ga))) r<a
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Example -- continued:

For r<a: @(r)= 6ng SIHQCOSCD(” rz))
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Notion of multipole moment:

In the spherical harmonic representation --

define the moment ¢, of the (confined) charge distribution p(r ):
q = [dr 'Y, (049 )p(r!)
In the Cartesian representation --

define the monopole moment g:
q= [dr p(r')

define the dipole moment p:
p= [d'r'r'p(r!)

define the quadrupole moment components O, (i, j — x, y,z).

Q. = J.aﬁr' (31/'1. r'j—r'z é:j)p(r')



Significance of multipole moments
Recall general form of electrostatic potential with boundary value
r — oo, for 1solated charge density p(r):

jds' (r)

CD(r) ‘r r‘
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For r outside the extent of p(r):
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Multipole moments continued: g, = jd3r'r'l Ym*(ﬁ',(p')p(r')
For r outside the extent of p(r): 0

CD(r)= 1 Z47qu (Hgo)

dre, 7 20+1

Relationship between spherical harmonic and
Cartesian forms of multipole moments:
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Consider previous example:
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General form of electrostatic potential in terms of
multipole moments:

For r outside the extent of ,0(

ofe) = L5 A7 Lul00Nj oy, (o)l
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In terms of Cartesian expansion ;
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Example of multipole expansion in evaluating energy of

a very localized charge density p(r) in a electrostatic
field d(r) (such as an nucleus in the field produced by

electrons in an atom).
W =[d'r pleYole)
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0*®(0

B qCD( ZQU ﬁrﬁr

Vo) . +j

¥
+o
).




Simple examples of multipole distributions

R -
g @

>
/ y
X ® -q

p(r)=q(5*(r—dz)- & (r +dz))
p.=2qd
Pe=D, =

p(r)=q(5°(r—dz)+ & (r +dz)—-25(r))
Q.. =4qd* =20, =-20,
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Another example of multipole distribution

2
p(r)= 1 3 (ij e”“sin’ @
a

64

Note that : 1/4?72}’20(49,415)=§cos2 «9—% :l—gsin2 0

2
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Another example of multipole distribution -- continued
q -rl/a 3 2 7"3
D, NAr =|1- 1+
o(r)= 47ng [ ) ( dba 4d’ 24q D

2 2 3 4 5
D, (r)=- 6 ‘/472 e 5 [ L OO A I R, A
dre, VS 1 a 2a° 6a’ 24a” 144a

For r — oo; 1n terms for Legendre polynomials:

®(r)—— (1—6LP (cosé’)] Y, (0,4) =

41e, 7
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For r — 0;1n terms for Legendre polynomials :
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Another example of multipole distribution -- continued

For r — 0;1n terms for Legendre polynomials :

o) > [1 —’”2 e<cose>j

4re,\ 4a 1204’

Implications for electric quadrupole interaction :

azq) P :i 29_L21 32_2
W — Z 0, a,,@r 3 ) (cos@) =2cos ! 2r2(z r)

For » — 0;1n terms of Cartesian coordinates

q 1 2z —x"—y°
CI)(r) — N 3
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Another example of multipole distribution -- continued

Electric quadrupole Interaction:
1 ®(0) 1 , 0’®(0) 0@ (0) 0’®(0)
Z < oror, 6|0 Y o tO T

L]

. . ] 1
For symmetric nuclei, Q_=0g=——0_=——
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